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Chapter 1

INTR ODUCTION TO
AR TIFICIAL EV OLUTIONAR Y PR OCESSES

This draft is written by Andersen. The intro duction tries to set the stage, tone and
layout for the book, which at the moment largely exists as manuals, notes and papers.
A rewrite of the intro duction will be made in parallel with the development of the
rest of the book. During this rewrite the present chapter will, probably, be split up
into three chapters: chapter 1 on the mastering of economic processes(now section
1.1); chapter 2 on the AL model family as a starting point (now sections1.2{1.4); and
chapter 3 on the methods and tools of evolutionary simulation (now sections1.5{1.6).
This decomposition will allow some expansion. For instance, there will be room for
further versionsof the AL models|including AL Mark Ib with �ssions and fusions of
�rms|as well as a few extra theorems of the dynamics of the models. Pleasesend
comments to esa@business.auc.d k.

Divide and govern, a capital motto! Unite and lead, a better one!
|Go ethe

1.1 Mastering the sim ulation of evolution
We are about to study the idea of an evolutionary processby meansof simulation. Thus we
are not starting with the real thing, the evolutionary processesthat take place in economic
life as they do in biological life. Instead we start with simpli�ed imitations of the evolu-
tionary mechanismsand shall seehow they generateevolutionary processes.By studying a
wide rangeof such mechanismsand processeswe shall end up with a �rm graspof the basic
idea of an evolutionary processand this will allow us to appreciate how it can be applied
to promote the understanding of the important real phenomenonof economicevolution. In
other words, we are about to learn the art of evolutionary simulation by entering a virtual
laboratory for simulation development, but after a good deal of learning by doing we may
apply our new skills to understand the more fussyreal-life processesthat determine the rate
and direction of long-term economicchange.

Our simulation of evolutionary processesis computer based. The reasonfor this is not
that other meansof simulation are impossible. On the contrary, we shall seethat \hand
simulation" with paper and pencil can be quite helpful. We may even imagine to mimic
evolution by real experiments in which groups of voluntary personstry to play out evo-
lutionary processesunder carefully designedrules. In practice the computer is, however,
an indispensableinstrument for simulating evolution. The reasonis that evolutionary pro-
cessesonly take place when economicbehaviour is repeated a huge number of times. So
it is simply too time consumingand too boring to mimic the processby hand calculation
or by role playing. As a consequencethe very idea of simulating economicevolution did
not emergebefore the advent of the modern computer, which implements the idea of a
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2 INTR ODUCTION

computational processin a highly e�cien t manner. With the representation of evolution-
ary processesby automated computational processesthe situation changesdrastically, and
we can get a quick grasp of the essenceof modern evolutionary economicsby imagining
Adam Smith or JosephSchumpeter developing their ideas with the support of computer
simulation. Instead of their verboseand sometimesbewildering accounts for what we now
recogniseas aspects of economicevolution they might have usedcomputers to specify their
ideasby meansof data whoseevolution is governed by evolutionary programs.

Our useof computer simulation for the study of economicevolution doesnot start from
scratch. Instead our task is asquickly aspossibleto \clim b to the shoulders"of our predeces-
sorsthat have both createdsimulation models and tools for developing and exploring those
models. When we have grasped the state of the art, we can use it for practical purposes
or try to promote the art of evolutionary simulation further than our predecessors.It is,
however, not at all easyto learn the state of the art. Among the reasonsfor this di�cult y
are that evolutionary processesare rather complex and that the modelling and simulation
of them require a wide-ranging set of competences.Such di�culties are likely to overwhelm
any novice.

The solution to the \complexit y crisis" in the study of evolutionary processesis, basically,
quite straightforward and can be summarisedin three principles.

The divide-and-governprinciple of learning emphasisesthat the overwhelming task of be-
coming capablesimulators of evolution should be decomposedinto subtasks,which in-
dividually will show up to be manageable.

The unite-and-lead principle of mastering suggeststhat assoon aswe have learnt the skills
required by several subtasks,we should combine theseskills to confront more advanced
tasks.

The principle of successiveapproximations to the real thing insists that evenwhenwehave
acquired quite substantial skills, we should never underestimate the complexity of evo-
lutionary processesand their computer simulation. Instead we should always follow the
KISS principle: Keep It Simple, Stupid!1 By following this principle we shall �nd out
that what we initially considercomplex later becomesquite simple. Thus we gradually
increaseour capabilities to approach the real complexity of economicevolution.

A further concretisation of theseprinciples presupposessomeknowledgeabout the work-
ing situation in a virtual laboratory for simulation development. One of the aims of the
present book is to provide such a knowledgein a practical manner, in the sameway as we
learn a craft or an art. The meansof doing so is to work within a concrete\Lab oratory
for simulation development" (Lsd). Lsd is a computer software system in which many evo-
lutionary economicmodels have already been developed. So when we start to work with
this computer application, we have immediate accessto a good deal of the work that has
hitherto been performed within the area. Furthermore, the Lsd system supplies us with
a more or lesscomplete set of tools for exploring and extending these simulation models.
Finally, Lsd allows us in a fairly easyway to build completely new simulation models.

Readerswho would like to skip the rest of the present introductory chapter and jump to
chapter 2, wherewe enter the Lsd system,have grasped the spirit of the book. Evolutionary
processesand the computer simulation of them are much too complex to allow for short
and neat de�nitions and introductions. Thus the real study of them starts in the middle of
things, just like Homer's Iliad starts in medias res rather than with a problematic account
for the background and main elements of the story. In modern society the Homerian ideal is,

1Axelro d (1997, 25 f.) emphasisesthe role of the KISS principle in his summing up of the experienceswith
simulation in the social sciences.
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1.2 Specifying the AL Mark Ia model 3

however, not fully obtainable. The reasonis that we lack su�cien t common knowledge. In
simulation work this problem is very obvious, so we needthe rest of this chapter to ensure
that we work on common grounds before we enter the Lsd system and start to explore
evolutionary processes.Therefore: hold on!

The rest of the present introduction takes place in the following steps. In sections1.2,
1.3 and 1.4 we jump into the description and analysis of an extendedexample: a family of
modelsof economicselectionand evolution. This is the AL model family in which economic
growth is the outcome of di�erences of �rms in their stocks of knowledgeand their e�orts
to improve these stocks. Section 1.2 describes the background and design of the simplest
member of the AL model family, a pure selectionmodel of economicgrowth. In section1.3
we study the dynamical behaviour of this model through mathematical deductions as well
as through simulation. Section1.4 dealswith the extensionof the basicmodel into a whole
family of evolutionary growth models. The exposition of the AL model family preparesthe
ground for a more systematic development of several aspects of the art of modelling and
simulation in section 1.5. Here we shortly consider the core elements of an evolutionary
process,how such a processcan be translated into computer commands,and the di�eren t
tasks that emergein a full exploration and extension of an evolutionary model. In section
1.6 we obtain an overview over how the Lsd system supports the di�eren t tasks that have
to be performed in any simulation laboratory. This section endsby placing the Lsd system
in the context of the history of evolutionary ideasin economics.

1.2 Specifying the AL Mark Ia mo del
1.2.1 Purp ose and background

As a preparation for our entry to the simulation laboratory we shall study how a simple
selection model is designedand how it can be extended to a simple evolutionary model.
This study has two purposes.First, the study should give us a �rst glimpse of many of the
aspectsof evolutionary modelling and simulation that will bedealt with moresystematically
in section 1.5 and in the rest of the book. Second,the study of the example should teach
us about a core model that will later be used repeatedly. In the following chapters is will
be assumedthat we have already gained a basic knowledgeabout this basic model.

The model we start from is a selection model that is called the AL Mark Ia model.
This name is of course quite cryptic, but it immediately points to important aspects of
evolutionary modelling. First, any model is a potential starting point for a whole family
of di�eren t but related models. The di�eren t \marques" or \mak es" of the model can e.g.
be called Mark I, Mark I I, etc. In the present caseMark I is a selection model of an
economy with one good, Mark I I is the evolutionary version of the samemodel, and Mark
I I I is a multi-good version of the model. The variants within these major developments
of the model can be called e.g. Mark I Ia, Mark I Ib, etc. Second, we sometimesname
models by their major variables or parameters. In the caseof the AL models the name is
taken from the production function that is used in the mode. The production function is
Output = Productivit y � Labour or Q = AL . Since this production function is not much
used,it givesa speci�c nameto the model.2 Third, it is useful to give a basicmodel a short
name sincewe are later going to extend that name as we have already extendedAL to AL
Mark Ia. For this reason long names becomesquite troublesome. So although we could

2The name also contrasts to modern expositions of economic growth theory, where a model with only
productivit y and capital, the AK model, is often applied for intro ductory purp oses.This is for instance the
casein Barro and Sala-i-Mart��n (1995, 38{42, 140{146). In the context of evolutionary economicsthe name
is, however, intended to emphasiseboth the relationship with and the contrast against the pioneering Nelson
and Win ter (1982, Chs 9 and 12{14) models of economic growth and industrial dynamics. Although labour
is more or less implicitly present in the Nelson{Win ter models, this set of models can with some right be
called the AK family of evolutionary models, since the core production function is the �rms is Q j = A j K j .
We shall relate to this AK family of models later in the book.
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4 INTR ODUCTION

have talked about the \Pro ductivit y{Lab our Mark Ia model" or the \Kno wledge{Labour
model with �xed productivities" , the short versionwill be used. Further shorteningsare the
AL {Ia model and (in the naming of computer programs) ALIa.

The AL model family depicts the macro phenomenonof economicgrowth as the outcome
of the productivities with which individual �rms are producing their output. In the basic
AL models only one homogeneousgood (lik e wheat3) is produced, so economicgrowth is
easily measuredas growth in the per capita production of the good. In the simpli�ed AL
setting output is produced by only two factors of production: labour and knowledge(that
determines labour productivit y). Thus growth can be obtained in two major ways. In
the AL Mark Ia model growth is obtained because�rms with above-averageproductivit y
increasetheir share of total employment. This meansthat they over time supply a larger
and larger proportion of the output of the economy. Thereby, both averageproductivit y and
total output is increased.In the AL Mark I I models this mechanism of growth is augmented
by an additional mechanism: �rms improve their individual productivities|and thus the
averageproductivit y|b y meansof imitativ e and innovative activities.

The basic assumption of the AL model family is that because�rms have limited in-
formation and are boundedly rational, they have to follow routines in their productive
activities and in their market-related decisionmaking. The starting point is to specify the
routines that are related to the transformation of labour input to �nal output. In other
words, we consider production-related knowledge as de�ning routines of production. To
each particular production routine there corresponds a particular productivit y level. Thus
we may represent a given production routine by a real-valued productivit y that is de�ned
by Productivit y = Output =Labour or A = Q=L. In the AL Mark Ia model each �rm has
its own unchanging productivit y and it spendsall its labour on producing output. In the
AL Mark I I models there is an additional useof labour: to improve productivit y by means
of imitativ e and/or innovative applications of labour. Thus each �rm needsa research
intensity decision routine (or rule of thumb), which relates research e�orts to its level of
employment. It also needsrelated rules of how to divide research into subactivities (e.g.
innovative research and imitativ e research).

The AL model family focus on production routines and decision-making routines that
have the character of what somebiologists call replicators (cf. Dawkins, 1989[1976]).This
name is appropriate becauseit suggeststhat the production routines or techniques can
be replicated by new employees in the �rm (after they have experienced the necessary
disclosure and learning). This replicator argument points to a basic assumption of the
models: constant returns to the scale production. Two production workers will produce
twice as much as one worker since the secondworker apply exactly the sameproduction
knowledgeas the �rst worker. The replicator argument also suggeststhe core of a theory
of the �rm that is basic for evolutionary modelling. According to this theory the �rm is a
repository of routines that it as far as possible tries to improve and keep for itself. Since
the acquisition of knowledgeis characterisedby random factors, the aggregateresult of this
�rm-lev el behaviour with respect to the improvement of its knowledge about routines is
that �rms normally show a good deal of heterogeneity of behaviour.

The AL Mark Ia model is a simplistic starting point for the gradual development of the
AL model family. At this starting point we have switched o� all change in the routines
of �rms. So any di�erences have to be present from start to end. Based on the initial
di�erences in productivities a simple selection processtakes place. In this processthe
employment of each �rm is determined by its employment in last period and the distance
betweenis productivit y and the averageproductivit y of the economy. This processhas the
advantage that it is easyto analysemathematically and that it actually represent a version

3This was the preferred example of the homogeneousgood produced in the one-sectorgrowth models of the
classical economists.
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1.2 Specifying the AL Mark Ia model 5

of \replicator dynamics" that helped to initiate modern evolutionary analysisin biology and
later in economics.Although the simulation results can thus be foreseenwith mathematical
precision,we shall seethat simulation is helpful to promote the understanding of the model.
At the sametime the simulation of the simple AL Mark Ia model provides a starting point
for extensionsthat include di�eren t forms of endogenousproductivit y change. For these
reasonswe shall spend quite sometime analysing the pure selectionmodel before we turn
to a model with a fuller set of evolutionary mechanisms.4

1.2.2 Informal summary

In contrast to most models that deal with selectionand evolution, the AL model family is
designedto cover whole economies.The reasonfor this is not primarily that the results can
immediately be interpreted in relation to theories of economicgrowth. The main purpose
of the whole-economy approach is to de�ne a robust test bed for di�eren t evolutionary
mechanisms. If we choose a partial-economy test bed, then we will have to specify the
relationship to the rest of the economy by meansof more or lessarbitrary parameters|as
it is the casethe the Nelson{Winter models of Schumpeterian competition (seeNelsonand
Winter, 1982,Chs. 12{14). This problem is removed by the whole-economy approach. Here
we, of course,have to de�ne explicitly the available factors of production aswell asthe price
systemthat regulatesthe allocation of factors and goods, but we will have fewer and more
fundamental parameters than in the caseof partial-economy models. However, since we
stick to the KISS principle, we cannot increasethe complexity of our models. Thus the
whole-economy approach implies harsh simpli�cations. This will be made patently clear in
the following summary.

The elements of the economicsystemof the AL Mark Ia model are householdsand �rms
that are held together by two markets: an output market and a labour market. These
markets can be characterisedin the following way:

Output. The AL Mark Ia model depicts an economy in which there is produced a single
good. This good is homogeneous,so there are no quality di�erences betweenthe output
of di�eren t �rms.

The output market. The good is sold and bought in a simple output market that takes
place at end of each period. In the market place householdsspend all the income that
they have obtained during the period. Firms supply their maximum output|giv en their
employment and their productivit y. The output price is determined so that it clearsthe
market.

Labour. Labour providesa homogeneousservice. Thus there is no di�erence betweennewly
hired employeesand long-term employees.

The labour market. Labour servicesare sold and bought in a market that takes place at
the end of each period. Householdsearn their income for the next period by supplying
a �xed amount of labour at a �xed wagerate that is set to unit y. Thus each employee
receives an income of one monetary unit in each period. Firms employ labour on one-
period contracts, which imply that wagesare paid after one period of employment. In
practice the labour market concernsonly workers that are moving between �rms. A
worker that is �red from a �rm is immediately available for employment in an expanding
�rm.

4Although pedagogicale�orts have beenput into the design of the following exposition, it may appear tough
to some readers. A less demanding exposition of the related Nelson{Win ter models of industrial dynamics
is found in Andersen (1996, Ch. 4) There are su�cien t similarities betweenthe AL models and the Nelson{
Win ter models to make a reading of this exposition worth while. The AL model family was originally
presented in Andersen (2001).
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6 INTR ODUCTION

Pro�t

Labour Costs

Firm's
output

Revenue

Knowledge

Price

Hiring or �ring of lab our

Figure 1.1. The AL Mark Ia model from the viewpoint of an individual �rm. A rounded box
represents a variable while the rectangular box represent a parameter. The price is depicted as a
variable, although it is considereda parameter by the �rm. Its determination is shown in �gure 1.2.
An arrow from x to variable y should be read `x codeterminesy'.

Given such an economicframework, we are ready to consider the �rm level of the AL
Mark Ia model. This level is summarisedin �gure 1.1, where we seethe model from the
viewpoint of a particular �rm.

Production. The �rm producesthe good by meansof labour and knowledge. In each period
t the �rm hasa �xed level of employment, which is applied fully in productive activities.
The �rm has a �xed stock of knowledge, which is equally available to all employees.
Thus the �rm's labour productivit y is characterised by constant returns to scale. The
�rm producesthe maximum output, given its stocks of knowledgeand employees.

Calculation of pro�t. The employeesare paid at a �xed wagerate by the revenue obtained
by the �rm in the previous period. The output of period is sold at the market price,
which is taken as given by the �rm. Thus the �rm can calculate its pro�t in period t by
deducting its costs from its revenue.

Employment change. If the �rm in period t has obtained zero pro�t, it doesnot changeits
level of employment. If the �rm has obtained a positive pro�t, it spends all of it for
hiring additional employees. If the pro�t if negative, the �rm �res the corresponding
number of employees. The revised employment determines the production capacity in
period t + 1.

This speci�cation of the employment change in AL Mark Ia model allows a quick de-
scription of the overall dynamics of the model. Let us consider a system with two �rms
with the sameinitial employment but di�eren t productivities, so that �rm 1 has a higher
productivit y than �rm 2. Since the two �rms have the sameemployment, they have the
samecosts. The functioning of the output market also implies that they obtain the same
price per unit of output. However, the combined functioning of the two markets meansthat
the high-productivit y �rm 1 has a positive pro�t while the low-productivit y �rm 2 has a
negative pro�t (as we shall seebelow). Thus �rm 1 will increaseits employment while �rm
2 will decreaseits employment. This meansthat aggregateoutput in the next period will
be higher in period t + 1 than it was in period t. The reasonis that there are more workers
in the high-productivit y �rm 1 than in the low-productivit y �rm 2. In the following periods
this movement of employeesfrom �rm 1 to �rm 2 will contin ue. The processwill stop when
no more employeesare left in �rm 2.

The analysisof the dynamics of the AL Mark Ia model can alsobe made in terms of unit
costs. In the model the wagerate is set to unit y and each employeeproducesa number of
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1.2 Specifying the AL Mark Ia model 7

output units equal to the productivit y. Thus the cost of one unit of output is one divided
by the productivit y. If for a particular �rm the unit cost is equal to the output price, then
this �rm will make no pro�t and keep its level of employment. If the unit cost is lower
than the price, then the �rm obtains a pro�t and will expand its employment. If the unit
cost exceedthe price, there is a negative pro�t and the �rm will contract its employment
to ensurethat it can pay the remaining employees.

The output price is set in a way that re
ects the averageunit costs in the whole econ-
omy. Thus �rms whoseunit costsare equal to the averagecostsof the economy will have
unchanging employment while �rms with below-averagecosts will expand and �rms with
above-averagecostswill shrink. Over time the expanding low-cost �rms will in
uence the
average unit costs in a downward direction. In the long run the average unit costs will
becomeequal to the unit costsof the �rm with the lowest unit cost. The rest of the �rms
will have shrunk to zero employment.

1.2.3 Formal speci�cation

Although the informal speci�cation of the AL Mark Ia model is su�cien t for many purposes,
it is for several reasonsimportant to learn about the more formal versionof the model. First,
this formal version includes a naming of the elements of the model and these namescan
be usedmore or lessdirectly in the computer implementation. Second,the formal version
forces us to consider the exact timing of the di�eren t actions and this timing has to be
solved before any computer implementation. Third, the formal version includes for each
variable an equation that speci�es how its value is computed. This speci�cation is, of
course,necessaryfor the computer implementation. Finally, the formal version allows us
to make mathematical deductions about the dynamical behaviour of the model. Let us,
therefore, specify the AL Mark Ia model more formally. This speci�cation is summarised
in �gure 1.2 and table 1.1.

Beforewestart the exposition of the model it is useful to clear out somenotational issues.
Take variablesrelated to the employment level. HereL meansaggregateemployment that is
determined in period t and L t � 1 meansaggregateemployment that is determined in period
t � 1. Similarly L j meansemployment in �rm j that is determined in period t and L j;t � 1
meansemployment in �rm j that is determined in period t � 1. More generally, the value
of a variable X that relates to �rm j in the previous period t � 1 is denoted X j;t � 1. Thus
the samevariable in the present period could be denoted X j;t . For simplicit y (and to use
the notation of the Lsd system) we shall, however, denotepresent-period valuesof variables
by X j . The samerule is applied to aggregate-level values. Due to this convention we have
no direct indication that a parameter like A j is actually a parameter.

When the task is formally to describea whole-economy model like the AL Mark Ia model,
it is not obvious where to begin. The di�cult y can be seenas a hen-and-eggproblem.
On the one hand, the macro-level characteristics of the model determine the micro-level
decisions. On the other hand, the micro level is a precondition for the determination of
the aggregates. In the following description we shall reverse the order of exposition that
was used in section 1.2.2. Thus we shall try to make a micro-to-macro ordering of the
description. For expositional conveniencethis ordering will not be applied strictly .

The households and the wage rate. We shall assumethat we have an unchanging
number of N householdsthat are given the index numbers 1; 2; : : : ; k; : : : ; N . The goal of
the householdsis to obtain as large a consumption as possible. As a whole the households
supply the �xed amount of labour units L S and individually all householdssupply L S=N
units of labour. We shall normally assumethat L S = N , so that each householdsupply one
unit of labour. It is also assumedthat one unit of labour can be split for employments in
di�eren t �rms. Householdsspend all their incomesin period t to buy the output supplied
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8 INTR ODUCTION

Pro�t
� j = Wj � Cj

Labour
L j;t � 1

Costs
Cj = wL j;t � 1

= L j;t � 1

Firm's
output

Qj = A j L j;t � 1

Revenue
Wj = PQj

Knowledge
A j

Other �rms's
activities

Total
output

Q =
P

Qj

Price
P = D=Q

Total
demand

D =
P

L j;t � 1

Hiring or �ring: � L j = � j

Workers' income

Figure 1.2. The AL Mark Ia model with both an individual �rm and the aggregate-level determina-
tion of the output price. Compared with �gure 1.1 the aggregateprocessthat determinesprice has
beenadded in the last row. Further additions are the formal namesof variables and parametersas
well as a few equations. To understand the �gure it should be noted that the wagerate w � 1.

in period t. As described in more detail below we de�ne that the wagerate

w � 1: (1.1)

Thus the income of a householdis simply equal to its employment.

The �rms. Assume that we have an unchanging number of n �rms that are given the
index numbers 1; 2; : : : ; j; : : : ; n. In the following we shall focus on an arbitrary �rm j and
consider it in an arbitrary period t. The goal of the �rms is simply to survive with an
employment that is as large as possible|giv en the fact that the employeesalways have to
be paid the �xed wagerate.

At the start of period t �rm j is characterisedby two stocks.
First, there is the stock of employeesL j;t � 1. This stock is determined in period t � 1

and it used and paid in period t. The reasonwhy the employeesare considereda stock
is that they are hired on one-period contracts, which are �xed at the end of period t � 1.
The employeesare paid beforethe market takesplaceat the end of period t. Thus the �rm
stores(without any interest) its revenue from period t � 1 for oneperiod. So the employees
stay in the �rm at least until the end of period t and the �rm is always able to ful�ll its
contracts.

Second,the �rm is characterised by its unchanging stock of private knowledge, which
determinesthe productivit y of its employees.This stock of knowledgedeterminesthe �rm's
�xed (labour) productivit y A j . All employeesproduceat the productivit y level of the �rm.
This meansthat there are constant returns to scaleand that new employeesimmediately
obtain the productivit y level of the �rm.

The �rm usesits two stock fully to producemaximum output Q j . This maximum output
is determined by the (Leontie� ) production function

Qj = A j L j;t � 1: (1.2)
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1.3 The dynamics of the AL Mark Ia model 9

Thus output is simply equal to productivit y times employment.
The output of the �rm is sold at the market price P, which is taken as a parameter by

the �rm. Thus it obtains the revenue Wj = PQj . The costsof the �rm are Cj = wL j;t � 1.
Sincethe wagerate is equal to unit y, Cj = L j;t � 1. This meansthat the pro�t of the �rm is

� j = Wj � Cj = PQj � L j;t � 1: (1.3)

It is often useful to considerunit cost rather than productivit y. From equations(1.1) and
(1.2) we seethat the unit cost

cj �
Cj

Qj
=

wL j;t � 1

A j L j;t � 1
=

1
A j

:

As already mentioned the payment of the �rm's employeesis made out of the revenue
from period t � 1, soall the revenue of period t is usedfor labour contracts. Thus L j = Wj .
From the viewpoint of the AL Mark Ia model the interesting issue is the change in the
number of employees.This changeis

� L j � L j � L j;t � 1 = Wj � L j;t � 1 = PQj � L j;t � 1 = � j : (1.4)

Equation (1.4) emphasisesthat the changein employment is exactly equal to the sizeof
the pro�t. If the pro�t of the �rm is zero, then the �rm keepsan unchangedemployment. If
the �rm makesa positive pro�t, it increasesthe sizeof its employment with a number equal
to its pro�t (since w = 1). If the pro�t is negative, the number of employment contracts
decreasesaccordingly.

The mark ets. As already mentioned there areonly two markets in the AL Mark Ia model
(and in the other simple AL models): an output market and a labour market.

Let us begin by studying the output market in relation to last row of �gure 1.2. The
demand D is speci�ed in the simplest possibleway. The wagerate is w = 1, so at the end
of period t the householdsreceives a total income of L t � 1 =

P n
j =1 L j;t � 1. The households

spend all their income on the good. Thus the output market's demand

D = wL t � 1 = L t � 1: (1.5)

The supply the aggregateoutput of �rms

Q =
nX

j =1

Qj : (1.6)

The price is set to clear the market. To securethat the supply Q is bought, we have the
price

P =
D
Q

: (1.7)

Let us now turn to the labour market. In the AL Mark Ia model the wage rate the
num�eraire of the economicsystem. This meansthat the wagerate is de�ned to be �xed at
unit y (w � 1) and the price of output is set relative to the wagerate. The householdssupply
the �xed amount of labour N , while the aggregatedemandby the �rms is L =

P n
j =1 L j . At

the aggregatelevel the model provides no mechanism to bring the �xed supply of labour in
accordancewith the demandfor labour, which from the viewpoint of the �rms changeswith
any non-zeropro�ts. So the question is whether N = L. We shall considerthis question in
section 1.3.2.

ArtEvolEcon 10th April 2002, 17:56 D R A F T



10 INTR ODUCTION

Table 1.1. The parametersand variables of the AL Mark I model.

Name Description and equation

Parameters
L S The �xed aggregatesupply of labour in the economy.
N The �xed number of households.Each householdsupply L S=N units of labour.
w The �xed wagerate, w � 1.
n The �xed number of �rms of the economy.
A j The �xed productivit y of �rm j . Productivities are given for all n �rms.
cj The �xed unit cost of �rm j . Equation: cj = 1=A j .

Firm-level variables
L j;t � 1 The employment of �rm j determined at the end of period t. The �rm takes this

employment as given until the end of period t.
Qj The output of �rm j in period t. Equation: Qj = A j L j;t � 1.
Wj ; Wj;t � 1 The revenue of �rm j in period t and period t � 1. Equation: Wj = PQj .
Cj The costs of �rm j in period t. Equation: Cj = L j;t � 1. The costs are simply the

payment of the employeesthat were hired in period t � 1. They are paid by Wj;t � 1,
i.e. the revenue earnedin period t � 1.

� j The pro�t earnedby �rm j in period t. Equation: � j = Wj � Cj = PQj � L j;t � 1.
L j The employment of �rm j that is determined at the end of period t. Equation:

L j = L j;t � 1 + � j . This employment is usedand paid in period t + 1.

Economy-levelvariables
Q; Qt � 1 The aggregateoutput and the aggregatesupply in periods t and t � 1. Equation:

Q =
P n

j =1 Qj .
L; L t � 1 Aggregateemployment at the end of periods t and t � 1. Equation: L =

P n
j =1 L j .

D Demand in period t. Equation: D = L t � 1.
P The price in the output market in period t. Equation: P = D=Q.

Statistical variables
� Aggregatepro�ts in period t. Equation: � =

P n
j =1 � j .

sj Market shareof �rm j in period t. Equation: sj = Qj =Q.
gsj The growth rate of the market share of �rm j in period t. Equation: gsj = (sj �

sj;t � 1)=sj;t � 1.
H Inverse Her�ndahl index of the concentration of the economy. Equation: H =

1=
P n

j =1 s2
j .

I Instabilit y index from period t � 1 to period t. Equation: I =
P n

j =1 jsj � sj;t � 1j.
�c; �ct � 1 Averagesof the market-share weighted unit costs in periods t and t � 1. Equation:

�c =
P n

j =1 sj cj = L t � 1=Q = 1= �A.
Vc Varianceof the weighted �rm-lev el unit costsin period t. Equation: Vc =

P n
j =1 sj (cj �

�c)2.
g�c The growth rate of the weighted averageof the unit costsfrom period t � 1 to period

t. Equation: g�c = (�c � �ct � 1)=�ct � 1.
gQ The growth rate of aggregateoutput from period t � 1 to period t. Equation: gQ =

(Q � Qt � 1)=Qt � 1.

1.3 The dynamics of the AL Mark Ia mo del
1.3.1 Summary and statistical variables

Before we study of the dynamics of the AL Mark Ia model, it is convenient to make a
summary of the speci�cation and to add variables that are useful for our analysis. The
summary and the new variablesare found in table 1.1. Herethe de�nitions are gatheredinto
four categories: parameters, �rm-lev el variables, economy-level variables, and additional
statistical variables.
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1.3 The dynamics of the AL Mark Ia model 11

The model hasfour system-level parametersand two �rm-lev el parameters|of which the
unit cost parameter is added for convenience. Thus we have to specify four parameters to
simulate the model.

The model has �v e �rm-lev el variables, two of which (employment and revenue) are also
usedwith a time lag. There are also four economy-level parameters|t wo of which are also
usedwith a time lag. To simulate the model we have to specify initial values for the four
variablesthat are usedwith a time lag. For each variable wealsohave to specify an equation
that specify how it is computed by meansof other variables and parameters.

In table 1.1 there is added six \statistical" variables that are used for analysing the
dynamical behaviour of the model. Although such variables are not part of the formal
speci�cation of the model, they are part and parcel of the evolutionary analysis of the AL
Mark Ia model. So we shall brie
y consider them.

In evolutionary analysiswearemainly interestedin the relative frequenciesof the di�eren t
replicators rather than in their absolute numbers. In an economicsetting this often means
that we shall focus on the market sharesof the �rms, e.g. sj = Qj =Q. These market
sharesre
ect the frequency in which the knowledgereplicators occur in the market place.
To relate to core issuesof industrial economicswe also usethesemarket sharesto calculate
a measureof concentration. Here we shall apply the inverseHer�ndahl index H , which is
simply the reciprocal value of the sum of the squaredmarket shares,i.e. H = 1=

P n
j =1 s2

j . If
all the output is producedby a single �rm H = 1. Otherwise H givesthe number of equal-
sized�rms that would have the sameHer�ndahl index as the �rms of the actual economy.
Another useful measurethat usesthe market sharesis the instabilit y index I . This index is
de�ned as sum of the absolute distancesbetweensj;t � 1 and sj , i.e. I =

P n
j =1 jsj � sj;t � 1j.

One of the usesof the instabilit y index is to determine whether a simulation has reached a
steady state, e.g. when I < 0:001.5

A major focusof evolutionary analysisis the growth rates of corevariables. Sinceweshall
meet several growth rates, it is useful to standardisethe notation. Throughout the book the
growth rate of variable V from period t � 1 to period t will be denotedgV = (V � Vt � 1)=Vt � 1.
It would have beenin better correspondencewith convention to call it gV;t � 1, but we try to
re
ect the situation of a computer simulation where the calculation is made and stored in
period t (i.e. as gV) by using present and lagged information. In relation to the AL Mark
Ia model three growth rates will be used. First, when we considerAL Mark Ia model as a
growth model, we are interested in the growth rate of aggregateoutput from period t � 1
to period t, gQ . Second,we are in evolutionary analysis interested in the growth rate of
the weighted averageof the unit costs from period t � 1 to period t, g�c. Third, we need
for explanatory purposesthe growth rate of any �rm j the growth rate of its market share
from period t � 1 to period t, gsj . The problem is, however, to specify a perspective that
relates thesethree growth rates to each other.

Evolutionary analysis is largely characterisedby a statistical approach. Given the aggre-
gate output Q, we study a randomly chosenunit of this output. The samplecan, of course,
comefrom any of the �rms of the economy and thus it may have beenproduced with any
of the unit costs of the �rms, i.e. c1; c2; : : : ; cj ; : : : ; cn . However, the probabilit y that the
sample comesfrom a given �rm j with a particular unit cost cj can be exactly speci�ed.
It is simply the market share of the �rm. More formally, we may consider the unit cost
with which a sampleof output was produced as a random variable X . In the languageof
statistics the probabilit y that this random variable is equal to the unit cost of the �rm is
formulated as Prob(X = cj ) = sj .

In evolutionary analysis (and e.g. in statistical mechanics) we are not interested in the
destiny of particular �rms (or organismsor particles). The questionsare rather about the

5Other usesof the instabilit y index are discussedby its inventors Hymer and Pashigian (1962) and in the
subsequent literature|e.g. in Mazzucato (2000).
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12 INTR ODUCTION

expected value and the variance of the random variable. The expected value of the unit
cost by which a randomly chosenunit of output is produced can be found by adding the
contributions to the aggregateunit costs by each of the �rms. Each �rm's contribution is
simply its probabilit y times the unit cost of the �rm, i.e. sj cj . Thus the expected value is
the market-shareweighted averageunit costs

E(X ) � �c �
nX

j =1

sj cj : (1.8)

To understand the behaviour of output in the AL Mark Ia model we shall also need to
know the variance of the random variable. This variance is denoted Var(X ). We need to
have the de�nition of variance in mind in many parts of evolutionary analysis:

Var(X ) � Vc �
nX

j =1

sj (cj � �c)2: (1.9)

On this statistical background we are ready to analysethe dynamics of the AL Mark Ia
model in terms of the three above mentioned growth rates (gQ , g�c and gsj ) as well as the
aggregatepro�ts � .

1.3.2 Theorems on the dynamics

Although somereadersmay considerthe AL Mark Ia model assomewhatcomplex, it is con-
structed according to the designprinciples that were sketched out in section 1.1, including
the KISS principle. The simplicit y of the model allows the application of a deductivemathe-
matical methodology in the analysisof its dynamical behaviour. Thus the AL model family
starts with a \safe" structure, where we are supported by standard mathematical methods.
When this model structure is understood, we may move into more complex speci�cations
(seesection 1.4).6

The main task of our formal deductions is to determine the dynamics of the model.
Although is may appear presumptuous, the main deductions about the model will be pre-
sented as theorems with subsequent proofs. This is partly done for easy later reference,
partly to emphasisethe interplay betweenmathematical deductions and simulation exper-
iments. First, we consider the movement of aggregateemployment (theorem 1.1), then we
turn to the movement of the market shares(theorem 1.2), and �nally we deal with changes
in aggregateproductivit y and aggregateoutput (theorem 1.3).

Theorem 1.1 (constant employment) Aggregateemploymentand aggregatedemandis un-
changing in the AL Mark Ia model, i.e. L = L t � 1 = D = D t � 1 for all values of t > 0.

Proof. From the de�nitions and equation (1.4) we seethat changein aggregateemployment

� L � L � L t � 1 =
nX

j =1

L j �
nX

j =1

L j;t � 1 =
nX

j =1

� L j =
nX

j =1

� j � � :

Thus changein aggregateemployment is reducedto the question of the sizeof aggregatepro�ts. By
application of equations (1.6), (1.5) and (1.7) we obtain

� �
nX

j =1

� j =
nX

j =1

(PQj � L j;t � 1) = Pt

nX

j =1

Qj �
nX

j =1

L j;t � 1 =
D
Q

Q � D = 0:

6The purp oseof this section is to demonstrate that this is actually the case. Somereadersmight want just to
skim the section and return to it after the simulation exerciseshave given more intuition about the results.
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1.3 The dynamics of the AL Mark Ia model 13

Thus both aggregatepro�ts � and employment change � L are zero. From equation (1.5) we see
that demand is directly determined by employment, so demand must also be unchanging.

Theorem 1.1 meansthat if there is full employment at t = 0 (i.e. in period 0 we have
L = L S), this situation will remain the sameforever|since L is unchanging and L S is a
parameter. This is prett y straightforward. To dig deeper into the dynamicsof the AL Mark
Ia model it is often convenient to move from our standard formulations in terms of discrete
time stepsto in�nitely small time steps. In this casethe growth rate becomeinstantaneous.
An important consequenceis that we do not have to worry about time subscripts and
that we can apply the standard rules of di�eren tiation. We start by demonstrating that
the growth rate of the market share of any individual �rm is determined by the distance
betweenits unit productivit y and the averageproductivit y of the economy.

Inspired by Metcalfe (1994) we shall develop the micro-to-macro dynamics of the model
from the concept of pro�t per unit of output gj = � j =Qj . The reasonwhy a new name
is introduced is that we are facing a slight variant of the growth rate of a �rm's output
(gj = gQ j =A j ). This concept of pro�ts per unit of output emphasisesthe major driving
force of the economic system. It is also an adequate measureof the growth rate of the
capacity of �rms. To conform with the pro�t-orien ted approach, we shall translate the
concept of productivit y to the concept of unit cost, cj = 1=A j .

Theorem 1.2 (distance-from-meandynamics) In the AL Mark Ia model the instantaneous
growth rate of the market share of any �rm is equal to the distance between the averageunit
costs and its unit cost times its market share, i.e. dSj =dt = sj (�c � cj ).

Proof. We start by considering the growth in terms of pro�t per unit of output. Ignoring the time
subscripts of the employment, we start by rewriting the de�nition by applying equations (1.3) and
(1.4):

gj =
� j

Qj
=

PA j L j � L j

A j L j
=

PA j � 1
A j

= P �
1

A j
= P � cj :

This expressionemphasisesthat growth rate in the capacity of the �rm per unit of output is simply
the market price minus its unit cost. Given this result we can turn to the growth rate of whole
population of �rms g. We �nd the aggregategrowth rate per unit of output by summing the growth
rates of the �rms weighted by their market shares,

g =
nX

j =1

sj gj =
nX

j =1

sj (P � cj ) = P
nX

j =1

sj �
nX

j =1

sj cj = P � �c:

In this rewrite we usedthe facts that
P n

j =1 sj = 1 and
P n

j =1 sj cj = �c.
Now that we have found expressionsfor the individual growth rates and the aggregategrowth

rate we can �nd the instantaneousgrowth rate of the market shareof an individual �rm dSj =dt by
the expression

dSj

dt
= sj (g � gj ) = sj (P � �c � P � cj ) = sj (�c � cj ):

Thus we seethat the growth rate of the market share of any �rm is determined by the distance
betweenthe mean unit costs in the whole economy and the �rm's unit cost.

Theorem 1.2 demonstrates that the AL Mark Ia model shows what has been called a
distance-from-meandynamics that was �rst explored by R. A. Fisher (1999[1930])in his
path breaking analysis of natural selection processesin biology. These results have later
been applied in evolutionary economics. There is, however, a slight di�erence that is due
to our useof unit costsas a meansof characterising the dynamics of the system: it is �rms
with below-averageunit coststhat increasetheir capacity, but sincecj = 1=A j , we could of
coursealso have said that it is �rms with above-averageproductivities that increase.With
this reinterpretation we can usethe standard expressions:A behavioural type with a �tness
that is above averagewill increasein frequency. Below averagetypesdecrease.This type of
dynamics is alsocalled replicator dynamics and a signi�cant number of theoremshave been
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14 INTR ODUCTION

proven for this dynamics|whic h have e.g. been summarised by Hofbauer and Sigmund
(1998, Part 2).

We may immediately apply these results in our simulation work. It is, however, helpful
to seehow we can prove one of the core theorems|Fisher's so-calledfundamental theorem
of natural selection|in the context of the AL Mark Ia model. This theorem makes clear
that evolutionary analysis is closely connectedto statistics (as was emphasisedin section
1.3.1).

Theorem 1.3 (a variant of Fisher's theorem) In the AL Mark Ia model the instantaneous
growth rate of averageproductivity is equal to the negativeof the variance of the market-share
weighted unit costs, i.e. d�c=dt = � Vc.

Proof. Sincewe in theorem 1.2 have found out that the AL Mark Ia model hasa distance-from-mean
dynamics, it is not too di�cult to arrive at this variant of Fisher's theorem. First we observe that
the instantaneousgrowth rate of the averageproductivit y can be found by summing the products
of the instantaneousgrowth rates of the market sharesand the �rm-lev el productivities,

d�c
dt

=
nX

j =1

dSj

dt
cj :

We apply theorem1.2 and the fact that
P n

j =1 sj cj = �c to rewrite this expressionof the instantaneous
growth rate of the averageproductivit y

d�c
dt

=
nX

j =1

dSj

dt
cj =

nX

j =1

sj (�c � cj )cj =
nX

j =1

sj cj �c �
nX

j =1

sj c2
j

= �c
nX

j =1

sj cj �
nX

j =1

sj c2
j = �c2 �

nX

j =1

sj c2
j :

We have actually already arrived at an expressionfor the negative of the varianceof the �rm-lev el
unit costs. Let us, however, start from the de�nition of this variance in equation (1.9) and arrive at
the last part of the above rewrite, i.e. �c2 �

P n
j =1 sj c2

j . The variance of the �rm-lev el unit costs

Vc �
nX

j =1

sj (cj � �c)2 =
nX

j =1

sj (c2
j � 2cj �c + �c2) =

nX

j =1

sj c2
j � 2�c

nX

j =1

sj cj +
nX

j =1

�c2

=
nX

j =1

sj c2
j � 2�c2 + �c2 =

nX

j =1

sj c2
j � �c2 = �

0

@�c2 �
nX

j =1

sj c2
j

1

A = �
�

d�c
dt

�
:

The rewrite has thus demonstrated that the growth rate of averageunit costs is equal to the
negative of the variance of the �rm-lev el unit costs.

Theorems1.1, 1.2 and 1.3 tell quite a lot about the dynamics of the AL Mark Ia model,
but their formally deductive approach is not typical of the style of the present book. Sowe
quickly turn to the simulation approach. We shall, however, seethat such formal results
about the dynamics of simple versionsof our simulation models are very helpful.

1.3.3 Sim ulation of the dynamics

Let us start the discussionon the simulation of the AL Mark Ia model from the formal
speci�cation of the AL Mark Ia model in section1.2.3and its summary in table 1.1. Given
such a speci�cation it is not too di�cult to think of a computer program that can simulate
the model. The program basically consistsof equationsthat specify how each of the variables
are to be computed. The basic input to this program is the values of the parameters and
the laggedvariables. The output of the program is a time seriesfor each of the variables.
Although this method of simulation is prett y obvious, it is useful to make a hand simulation
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1.3 The dynamics of the AL Mark Ia model 15

Table 1.2. Hand simulation of the AL Mark Ia model. The table is constructed by means of a
spreadsheetprogram (lik e MS Excel), which has a larger precision than the three decimalsthat are
shown. There are of courseround-o� errors, etc.

Period 0 1 2 3 4 . . . 14 15
Firm 1 with A1 = 1:2

Employment 100.000 120.000 140.260 160.000 178.594 . . . 273.074 277.441
Output 120.000 144.000 168.312 192.000 . . . 321.468 327.689
Market share 0.400 0.468 0.533 0.595 . . . 0.910 0.925
Pro�t 20.000 20.260 19.740 18.594 . . . 5.185 4.366

Firm 2 with A2 = 1:0
Employment 100.000 100.000 97.403 92.593 86.128 . . . 25.523 21.609
Output 100.000 100.000 97.403 92.593 . . . 30.046 25.523
Market share 0.333 0.325 0.309 0.287 . . . 0.085 0.072
Pro�t 0.000 -2.597 -4.810 -6.465 . . . -4.523 -3.914

Firm 3 with A3 = 0:8
Employment 100.000 80.000 62.338 47.407 35.278 . . . 1.403 0.950
Output 80.000 64.000 49.870 37.926 . . . 1.652 1.122
Market share 0.267 0.213 0.166 0.126 . . . 0.006 0.004
Pro�t -20.000 -17.662 -14.930 -12.130 . . . -0.662 -0.453

Aggregatedata
Employment 300.000 300.000 300.000 300.000 300.000 . . . 300.000 300.000
Output 300.000 308.000 315.584 322.519 . . . 353.165 354.334
Price/av. unit costs 1.000 0.974 0.951 0.930 . . . 0.849 0.847
Aggregatepro�ts 0.000 0.000 0.000 0.000 . . . 0.000 0.000
Growth aver. costs -0.027 -0.025 -0.022 -0.019 . . . -0.003 -0.002
Variance of unit costs 0.027 0.025 0.023 0.020 . . . 0.003 0.003
Output dispersion (H ) 2.9220 2.706 2.455 2.208 . . . 1.162 1.134
Instabilit y (I ) 0.177 0.169 0.156 0.140 . . . 0.025 0.022

that securesthat we understand what the simulation program is supposedto do. Such a
hand simulation is depicted in table 1.2.7

When constructing the hand simulation we start by setting the parametersand the initial
value of the �rms' number of employees.We take 3 �rms and a labour supply of 300 units.
We also assumethat this supply is equally distributed across the �rms, so there is an
initial employment of 100 per �rm. This information is inserted in the column for period
0. To proceed to period 1 we also have to set the productivities. The �rst �rm have a
productivit y of 1.2, while the two others have productivities of 1.0 and 0.8. Thus both
averageproductivit y and averageunit costsare 1.0.

The next task is to use the equations of section 1.2.3 to calculate the main variables
for period 1. We start by calculating the output of the �rms by Q j = A j L j;t � 1. Thus we
�nd that the �rms have outputs of 120, 100 and 80. The aggregateoutput is 300, and the
price P = Q=L = 300=300 = 1 re
ects the aggregateunit costs �c = 1. A �rm's unit cost
determine its pro�t � j = PQj L j;t � 1 � L j;t � 1, so pro�ts are 20, 0 and -20. Since the net
changeof employment is equal to pro�t we �nd that the �rms at the end of period 1 have
120, 100 and 80 employees.

We also calculate some statistics for analysing the behaviour of the model. First and
foremost, we apply the market shares|whic h are easily found to be 0.40, 0.33 and 0.27.
These sharesare used directly in the calculation of the inverse Her�ndahl concentration
index: H =

P 3
n=1 s2

j = 2:9. This meansthat the economy has the sameHer�ndahl index

7 In the treatment of growth rates the hand simulation is made for convenience in the reading of the table
(seefootnote 8).
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as an economy with 2.9 equal-sized�rms. To prepare for the study of the dynamics of the
model we also calculate the variance of the unit costsVc =

P 3
n=1 sj (�c � cj )2 = 0:027.

For period 2 we make exactly the samecalculations as for period 1. But as soon as we
have calculated the new market sharesand the averageunit costs, we go back to period 1
and calculate the instabilit y index for the market sharesI =

P 3
j =1 jsj;t +1 � sj j = 0:177. This

index demonstrates that we are still far from a steady-state situation. We also calculate
the growth rate of the averageunit costs g�c =

P 3
j =1 (�ct+1 � �c)=�c = � 0:027.8 Although we

have to be prepared for round-o� errors and di�culties in the treatment of growth rates,
we expect from theorem 1.3 that g�c � � Vc. This is actually the case.

As we contin ue to �ll out table 1.2 (or let a spreadsheetprogram do so), we recognise
that the dynamics of the AL Mark Ia model is prett y straightforward. As time goesby we
seethat aggregateoutput is increasing while price and averageunit costs are decreasing.
The reasonis a movement of employeesfrom the high cost �rm(s) to the low cost �rm. In
period 1 it is only �rm 3 that transfer employeesto �rm 1, and this processcontin ues so
that �rm 3 in period 15 has lessthan oneemployee. The reasonwhy �rm 2 doesnot change
its employment from period 0 to period 1 is that it starts by having a unit cost that is equal
to the economy average. As �rm 1 comesto dominate it also in
uences averagecosts in a
way that is negative for �rm 2. So during the �rst periods �rm 2 has to �re more and more
employeesto be able to pay the remaining ones. In period 15 �rm 2 has still more than
21 employees,but the downward trend is stable. It will obviously contin ue until �rm 2 has
zero employees.

The trend is nicely summarisedby the market sharesand the related measures.In period
15 the market share of �rm 1 is 0.93, while �rm 2 has 0.07 amd �rm 1 has 0.004. This
distribution of market shares is re
ected in the inverse Her�ndahl index that has fallen
from an equivalent of 2.9 �rms to 1.3 �rms. So the march toward monopoly is clear. The
approach toward a steady state is also indicated by the instabilit y index, which has fallen
from 0.17 to 0.2. But the most crucial index is the variance of the unit costs that has
decreasedfrom approx. 0.027 to 0.003. This meansthat the negative growth rate of the
price and the averageunit costshas changedfrom approx. -0.027to -0.002. So the system
movesslower and slower.

When consideringthe calculations for period 15, the questionis, of course,whether weare
�nished or whether we have to proceedwith the boring calculations. From a mathematical
viewpoint there is no doubt: even before we started the calculations, we knew that the
model would approach a steady state with only one surviving �rm. But if we take the
calculations as an example of the tasks for the whole family of AL models, the answer is
lessclear cut. One reasonis that not all the potential models have steady states or other
analytical solutions. Another reasonis that we need to get an understanding of the time
it takes till a su�cien t convergenceto a potential steady state has been reached. Here we
can often apply the instabilit y index. The idea is to say that if the instabilit y index has
reached a very small number (e.g. 0.001), then we can normally assumethat it will never
be signi�cant again. Although we shall seethat this rule of thumb is not always applicable,
it can however be used as a rough guide for many simulations. We may call the period
in which the instabilit y index becomessmaller than this limit \the time of convergenceto
the steady state". This time of convergenceis, of course, dependent on the productivit y
parameter. Thus a change from productivities 1.2, 1.0 and 0.8 to 1.02, 1.00 and 0.08 will
meanthat the time of convergencebecomesmuch larger than in a contin uation of table 1.2.

8Apparently this de�nition of �c contrasts with the speci�cation in table 1.2. However, the present de�nition
is intended to support the reading of the table. In computational practice we calculate �c in period t and use
information from period t � 1.
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Figure 1.3. Simulation of the AL Mark Ia model for 500periods with four �rms. The productivities
of the left panel have beendrawn randomly from a distribution with a mean of 0.16. The thickness
of the lines order the �rms from high-productivit y �rms to low-productivit y �rms. The connection
to the market sharedynamics of the right panel is prett y obvious. In any period �rms with above-
averageproductivit y increasewhile �rms with below-averageproductivit y contracts. In the end the
market shareof the highest-productivit y �rm comescloseto 1.

1.3.4 Economic life on the lattice

It is obvious that the hand simulation method is not adequatefor long convergencetimes
and for a large-scaleexploration of the parameter space. So we will have to learn to use
advanced computer simulation for such purposes. Some results of one example of such
an application are depicted in �gure 1.3. Here the number of �rms is increasedto 4 and
their productivities are drawn from a normal distribution with a meanof 0.16 and a rather
small standard deviation. The productivities of the 4 �rms are depicted in the left panel
of the �gure while the movement of market sharesare depicted in the right panel. In the
beginning of the simulation two of the �rms have above-averageproductivities while one
is rather closeto averageand the last �rm is much below average. Thus the market share
of �rm 4 decreasesfairly rapidly from the start while �rm 1 is substantially increasingand
�rm 2 is somewhat increasing. Later it is only �rm 1 whosemarket share increases,and
after 500 periods it is closeto a market shareof 1.

Figure 1.3 demonstratesa typical way of depicting simulation results, but there are many
others. In �gure 1.4 we have madeanother interpretation of the economicsystemseenfrom
the viewpoint of the householdsof the economy. We assumethat there are 5 �rms and
100 householdsin the economy. Each household has a primary attachment to one �rm,
but a few householdsmay have employment in more than one �rm. Initially all �rms
have 20 employees. When one expanding �rm has a net demand of a full employee, an
employeechangesprimary employment to this �rm from the �rm that is closestto �ring a
full employee. The selectionamong its employeestakesplace on a �rst-in-�rst-out basis.

Householdsare placed on a two-dimensional lattice and their primary employment is
depicted by the colour of the primary employer. The �rst 20 householdsare initially em-
ployed by the black �rm, the next 20 by the dark grey �rm, and so on for the medium-grey
�rm, the light-grey �rm and the near-white �rm. The intensity of colouring re
ects the
productivit y of �rms, so the black �rm has the highest productivit y and the near-white
�rm has the lowest productivit y. After two periods the �rst employee moves employment
from the near-white to the black �rm (panel A). After 10 periods (panel B) both the light-
grey and the near-white �rm have dismissedemployees. The receivers are the black �rm
(4 new employees)and the dark-grey �rm (2 new employees). After 30 periods (panel C)
the medium-grey �rm has also dismissed2 employees. Thus the working of the replicator
dynamics of prett y obvious.

PanelsD, E and F of �gure 1.4 follows the further development of the selectionprocess.
In panel D the dark-grey �rm has just begun to dismiss employees. During the previous
development it has received 6 new employees,but now the black �rm receives one of its
employeesaccording to the �rst-hired-�rst-�red principle. It is clear that this principle
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A. After 2 periods B. After 10 periods C. After 30 periods

D. After 80 periods E. After 125 periods F. After 200 periods

Figure 1.4. Evolution on the lattice of the AL model. The lattice consists of a 10 � 10 grid in
which 100 single-person householdsare distributed with locations corresponding to their initial
employment. In the model the 100 workers are always fully employed. They evenly distributed
across5 �rms, which are indicated with di�eren t shadesof grey. Thus 20 workers are employed in
the black �rm, and 20 in each of the more or lessintenselygrey �rms. The intensity of grey indicates
the productivit y levelsof �rms, with the middle �rm having averageproductivit y. After two periods
(seepanel A) the �rst worker shifts from the �rm with lowest productivit y (nearly white) to the
�rm with the highest productivit y (black). As the two leading �rms expands,the third �rm comes
below averageand starts to contract (panel C). Then even the second�rm contracts (panel D). At
somepoint of time the weakest �rm disappears (panel E). In panel F only three �rms are left. In
the end only the strongest �rm will survive.

makesit easyto follow both grossand net movements of employees.Let us call the rows of
the lattice R1, . . . , R10 and the columns of the lattice C1, . . . , C10. Thus the households
of the initial employeesof the dark-grey �rm was R3C1 to R4C10. The �red employee
comesfrom householdR3C1, but still we can seethe householdsof the employeesthat were
previously hired by the �rm, e.g. R5C2 and R9C4. This possibility of following both net
and grossmovements will end the end disappear, but the simulation has|ev en after 200
periods|not moved far enoughto demonstratethe e�ect for the dark-grey �rm. Instead we
seehow the shrinking �rms gradually becomesunable to employ a full employee. After 125
periods (panel E) the near-white �rm have no full employeesand after 200 periods (panel
F) the light-grey �rm has also disappearedfrom the sceneof primary employments.

The simple usesof the lattice should by now be clear, but throughout the book we shall
encounter many other uses. Even without entering the issuesof the functioning of the
labour market it is not di�cult to think of modelling applications. Theseapplications are
basedon the fact that the computer keepstrack of the movements of individual employees
and it is not di�cult to add further information on these employees. One characteristic
of employeesis their personal productivit y. This productivit y may raise from the level of
the �ring �rm to the level of the hiring �rm during a learning period, and this learning
may in
uence the designof the model. Even at the lattice level such learning e�ects would
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be obvious. The reasonis that they suggestthat �rms that follow the �rst-hired-�rst-�red
principle will perform worse that �rms that follow the last-hired-�rst-�red principle. The
learning mechanism would also function as a brake on the expansionof high-productivit y
�rms. The reasonis that the newly hired employeeswill not only have a productivit y that
is lower than the averageproductivit y of the �rm but also a productivit y that is below the
economy average.

From our simulation examplesis obvious that computer simulation presupposesan un-
derstanding of a speci�c area of economicevolution as well as a dynamical model of the
evolutionary processesthat takesplacein this area. As we haveseenin section1.3.2,we can
in simple usesuch a set of explicit rules (mathematical equations) to analysethe of results
of the evolutionary processand its dependenceon the initial conditions. One might there-
fore ask whether the subsequent simulation of the model is irrelevant. It has already been
suggestedthat this is not the case.First, evolutionary processes(and even simple selection
processes)tend to be counterintuitiv e, so even when there exists mathematical deductions
about them, simulation may help to give an understanding about the meaning of these
results. Second,sincesimulation models can easily be modi�ed, they help us to experiment
with the preconditions for the mathematical results and understand their limitations. It is
very often revealed that the mathematical results are obtained by reformulating the evo-
lutionary processinto a format (lik e the pure selectionprocessof the AL Mark Ia model)
that is known to give easysolutions. Third, the modi�cation of the assumptionsof stylised
mathematical models quickly brings us to areas that are not analytically solvable. If we
make big jumps in the degreeof complexity of our simulation models,we are likely to enter
the realm of models that are incomprehensible.However, if we stick to the KISS principle
(seepage2), we can make two typesof extensionsof the analytically solvable models. On
the one hand, there are the models for which novel analytical solutions may be found. On
the other hand, there is the huge class of models that can only be studied by numerical
methods but that neverthelesssupply us with a good deal of insight into real evolutionary
processes. Fourth, the simulation models are|as we shall see later|to ols for extended
confrontations betweenArti�cial Economic Evolution and real evolutionary processes.

1.4 Ev olving pro ductivities: the AL Mark I I mo dels
1.4.1 Speci�cation of AL Mark I I mo dels

A basic conclusion from the study of the AL Mark Ia model is that the selection process
usesup its own fuel. So if we observe a caseof contin uing evolutionary change, we infer
that the system includes a mechanism that generatesnew variety in pacewith the variety
reduction due to the selectionmechanism. In evolutionary economicmodels it is customary
to identify this variety creating mechanism with R&D, but this is mainly for convenience
since formal R&D is just one of several contributors to variety creation. Therefore, it is
important to note that the AL models are designedto function as testbeds for di�eren t
\regimes" of variety creation.

To extend the AL Mark Ia model with variety creation we have to reconsiderthe speci-
�cation of the �rm's production in sections1.2.2 and 1.2.3. We shall make the description
of the extension in relation to �gure 1.5 that can be directly comparedwith �gure 1.2.

Division of labour. The �rm divides its stock of employeesL j;t � 1 into two activities, pro-
duction and research, accordingto a �xed decisionparameter r j .9 Labour for production
is L prod

j = (1 � r j )L j;t � 1 and labour for research is L res
j = r j L j;t � 1.

9 In the further extension of AL models the research intensity rule will be made an evolving state variable.
But the intro ductory experiments assume�rms with �xed and potentially di�eren t rules.
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Pro�t
� j = Rj � Cj

Labour
L j;t � 1

Costs
Cj = L j;t � 1
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j = r j L j;t � 1

Workers
L pro d

j = (1 � r j )L j;t � 1

Innovation
& imitation

A res
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Firm's output
Qj = A j;t � 1L pro d

j

Revenue
Rj = PQj

Knowledge
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Price

L j = L j;t � 1 + � j

A j = max(A j;t � 1 ; A res
j )

Figure 1.5. The basic structure of the AL Mark I I family of growth models with endogenousde-
termination of the productivit y level (cf. �gures 1.1 and 1.2). The diagram is drawn from the
viewpoint of a particular �rm j . The reading of the diagram starts from the state variables labour
and knowledge (i.e. productivit y). After the pro�t has been found, the employment level for the
next period is determined. After innovation and imitation has beenperformed, the productivit y of
the next period is determined.

Production function. The �rm's production workers, L prod
j t , produce output according to

the �rm's labour productivit y and a full-capacity utilisation rule, i.e.

Qj = A j L prod
j = A j (1 � r j )L j;t � 1: (1.10)

Production costs. Sincew = 1, the �rm's total costsare simply Cj = L prod
j + L res

j = L j;t � 1.

Pro�t. The �rm sellsall its output at the market price P. Thus it obtains the pro�t

� j = PQj � L j;t � 1 = PA j L prod
j � L j;t � 1 = ((1 � r j )A j P � 1) L j;t � 1: (1.11)

The �rm's R&D outcome is modelled as a two-stagestochastic process.

Probability of a research success. The successor failure aspect of R&D is modelled as a
stochastic variable Z j t 2 f 0; 1g, where Z j t = 1 meanssuccessand Z j t = 0 meansfailure.
The �rm's research workersL res

j t havea �xed productivit y that is measuredasthe average
number of successesper period per researcher, 1=� . The result of the �rm's total research
activities is modelled as a Poissonprocesswith averagewaiting time for a successequal
to � times the number of researchers.10 Thus

Prob(Z j t= 1) = �L res
j : (1.12)

10 This is only strictly true when the setup of the AL Mark I I models is so that we can apply the rule of the
additivit y of Poisson processes,seee.g. Aghion and Howitt (1998, 55).
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Methods of research. The research workersapply di�eren t R&D methods accordingto �xed
parametersthat determine the degreeto which the researchers focuson di�eren t ways of
improving knowledge: (a) cumulation of the �rm's own knowledgein AL Mark I Ia and
I Ib, (b) imitation of the leading �rm in the industry|added in AL Mark I Ic, (c) appli-
cation of the industry's averageknowledge,and (d) application of generalknowledge.

Outcomesof research. Firm j 's �xed degreeof emphasison method x determinesdirectly
the probabilit y that an R&D successis obtained by method x. The core method in
the present paper is cumulativ e knowledge. In this casethe outcome of a successis
basically drawn from a normal distribution with mean determined by the �rm's present
productivit y A j t and standard deviation as a constant � . To ensurescale-independent
research outcomes,we in the normal distribution set the mean to ln(A j t ) and then use
the inverseexponential function to �nd the result. Thus we have

A res
j t =

(
0; if Z j t = 0
enormal(ln (A j t );� ) ; if Z j t = 1:

(1.13)

Productivity change. The �rm's productivit y in period t is the maximum of the existing
productivit y inherited from period t � 1 and the potential productivit y obtained by
R&D, i.e.

A j = max(A j;t � 1; A res
j ): (1.14)

The movement of the productivities in the AL Mark I I models is de�ned by equation 1.14
and the related equations.11 In the simplest case,where we have no research results (since
r j = 0 for all �rms), productivit y will stay unchangedinde�nitely . If all �rms initially have
the sameproductivit y level (and we thus have a static ine�ciency of zero), no pro�ts will
be made and the initial employment shareswill remain unchanged. If, on the other hand,
�rms have initial productivit y di�eren tials, the best performer k will ultimately obtain
a monopoly position (skt ! 1 for t ! 1 ). We shave already considered this case in
the previous sections. So we are ready to turn to the core issues: how the evolution of
the productivities is determined by the di�eren t R&D methods and how this evolution in
turn determines the evolution of the employment shares. Here we shall seethat because
increasing returns to the application of R&D results is implicit in the model's Leontie�
production function, monopoly is the normal outcome of the evolutionary process.

1.4.2 Inno vation regimes in the AL Mark I I mo dels

The starting point for our short discussionwill bea simulation of the AL replicator dynamics
for which we have already found analytical solutions. Although our understanding thus
doesnot really needcomputer simulation experiments, it is helpful to usesuch simulations
as benchmarks for the exploration of the more complex models. An example of a �xed-
productivit y simulation (where the AL Mark I I model is reducedto the AL Mark Ia model)
is shown in part A of �gure 1.6. In the left panel we seethe �xed productivities of 4 �rms
and in the right panel we seethe tra jectoriesof the market shares.From panel A.1 it can be
seenthat the random number generatorhasbeenusedto create the initial productivities of
the four �rms. Thesesmall productivit y di�erences may appear to be of little importance,
but their cumulativ e e�ects can be followed in panel A.2. Here we seethat the �rm with
the highest productivit y (indicated by a thick line) in the end of the simulation is prett y
close to a market share of 1. On the other hand, the lowest-productivit y �rm (with the
dashedline) quickly disappears. The two in-between�rms are more telling for the replicator

11 These equations are (except for a few simpli�cations) very close to those of the Nelson{Win ter models.
But becauseof the simpli�ed investment function, it it easier to study their e�ects.
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A. The caseof �xed productivities (AL Mark Ia)
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B. The caseof random-walk cumulation of productivities (AL Mark I Ia)
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C. Longer run of the caseof random-walk cumulation of productivities (AL Mark I Ia)
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Figure 1.6. Simple dynamical patterns from simulations of AL Mark I I models with four �rms: (A)
Westart by setting the research intensity to zerofor all �rms. This meansthat the AL Mark I I models
reduceto the AL Mark Ia model. As we havealready seenwe haveherea simple distance-from-mean
dynamics basedon �xed productivities (A j ). Thus the change of market shares(sj t ) presupposes
initial di�erences in the productivities. In panel A the productivities are drawn randomly from a
distribution with a mean of 0.16 (�gure 1.3 has been reproduced for convenience). (B) In the AL
Mark I Ia model the simpledistance-from-meandynamicsis augmented by productivit y increasesthat
in each period is drawn from a random distribution with a mean equal to the present productivit y
level of the �rm. Thus there is a possibility that A j t > A j;t � 1. Theserandom-walk improvements of
productivities will apparently quickly lead to monopoly. However, a closer look at the movements
of the productivities near the end of the simulation demonstratesthat this is not a stable situation.
(C) The speci�cation of the AL Mark I Ia model implies that a seriesof random successescan (with
lesserand lesserprobabilit y) change the situation. Thus we in panel C consider a continuation of
the previous AL Mark I Ia simulation and seethat panel B doesnot represent a lock-in situation.

dynamics. In the beginning they show little changein market sharebecausethat have close
to averageproductivit y; oneof them actually increasesits sharefor a while. However, asthe
strong �rm grows and the weak �rm shrinks the share-weighted mean of the productivities
increasesand therefore the position of the in-between�rms is weakened. Further simulation
experiments can easily be performed in any programming system.

In panel B and C of �gure 1.6 we turn to the caseof a truncated random walk in the
productivities. This means that each �rm will in each period have a small but random
upward move in its productivit y, no matter whether the �rm has a large or a very small
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market share. This means,as we seeen panel B.1, that all productivities moves upward
in a way so that the distance betweenthe �rms would show a random walk. In panel B.2
we seethe turbulence of market share, but also that one �rm appears to take over in the
end. But as the random walk was de�ned there will sooner or later somea sequenceof
random numbers for another �rm that will bring it up in front. In panel C.2 we actually
seea successionof near-monopoly positions in the industry. This warns us against telling
\just-so stories" about phenomenathat are fully of a stochastic nature and where �rms
probabilistically are exactly alike. Thus the results are like in Arth ur's (1989) random walk
case.However, the basicselectiondynamics that we studies for the AL Mark Ia model (see
section1.3) is still working forcefully, and in the long run the probabilit y of a revival of very
small �rms movestoward zero.

The next issueis whether we can �nd an equivalent to Arth ur's caseof lock in because
of increasingreturns. The production function of equation 1.10 shows constant returns to
scaleand the research activit y of equation 1.12 has also constant returns to scale. If we,
however, combine equation 1.10 and equation 1.14, we seethe sourceof increasingreturns
in the AL Mark I I models: these models are normally characterised by increasing returns
to the application of an innovation, which is produced under �xed (probabilistic) costs.
No matter whether a given increasein productivit y is applied in a large or a small �rm,
its e�ect covers the whole of the productive capacity in the next period. Thus the most
e�ectiv e useof an innovation is to apply it in a �rm with a market shareof 1. This is the
logic underlying the simulations depicted by �gure 1.7.

In panel D.1 of �gure 1.7 we seethe result of a simulation of the usual 4 �rms wherethere
is a gradual removal of �rms from the progressof productivities to the �xed-pro ductivit y
state that we saw in the treatment of replicator dynamics. There are two interrelated
reasonsfor this result. First, �rms usesa �xed share of their labour force for research, so
a large �rm will spend more than a small �rm and this have a larger probabilit y of success
(contrary to the random walk case). Second,as mentioned above the large �rm applies its
research results more e�cien tly than a smaller �rm. As time progressesweak �rms become
smaller and smaller and their probabilit y of innovative successmoves toward zero. Panel
D.2 demonstrates that in the beginning of this processit is impossible to predict who is
going to becomethe monopolist. Thus we seethat the �rm marked with the dashedline
has a period of market share leadershipbefore the �rm with the thick line takesover.

The two last simulations represent attempts to avoid the march toward monopoly. In the
caseof panel E we have made a distinction betweentwo �rms that have no R&D expenses
while the two others perform research. Initially the �rms without R&D produce more,
obtain a higher pro�t, and grows at the expenseof the �rms with research. One of the
R&D �rms is lucky to obtain an innovation while the other R&D �rm disappears more
quickly than the �rms without research. It is not di�cult to make simulation setupswhere
all R&D �rms disappears, but then empirical fact of evolution also disappears from the
simulation.

The last simulation (panel F) represents yet another way of weakening the dominant �rm,
namely by making it very easyto imitate the position of the leading �rm. This meansthat
all �rms follow a narrow band of productivit y growth, until they drop out|one after one.
The reasonis that both innovation and imitation requires resourcesto perform imitations,
so in the end we still seethat one �rm takes over. So even if imitating �rms obtain the
productivit y of the leading �rm, they do not becomebetter by imitation alone. Instead
they succumb after periods of \bad luck".
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D. The caseof R&D-based cumulation of productivities (AL Mark I Ib)
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E. The caseof two �rms with R&D and two �rms without R&D (AL Mark I Ib)
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F. The caseof �rms that are both innovators and imitators (AL Mark I Ic)
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Figure 1.7. Dynamical patterns from simulations of AL Mark I I models with four �rms (in contin-
uation of �gure 1.6): (D) In the AL Mark I Ib model �rms may perform R&D, and the innovative
results have their mean value in the present productivit y of the �rm. In panel D all �rms perform
have the sameR&D intensity. (E) In the In the AL Mark I Ib model �rms do not have to have the
sameR&D intensity. In panel E two �rms perform R&D like in panelsD, while the two other �rms
have no R&D and thus obtains an initially higher pro�tabilit y. (F) In the AL Mark I Ic model all
�rms may perform both innovation and imitation. Imitators can in one step reach the productivit y
level of the leading �rm. In panel F all �rms have the sameintensity of innovative R&D and the
sameintensity of imitativ e R&D.
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1.5 Elemen ts of the art of sim ulation
1.5.1 Dialogues with computer systems

The above exposition of the AL model family may seemsomewhat pedantic|esp ecially
becauseof its speci�cation of tin y details of the models. There is, however, a reason for
this pedanticism. We have to prepare for the \dialogue" with computer systemsthat is a
precondition for working in the simulation laboratory|b oth for simple explorations of pre-
mademodelsand for the extensionof thesemodels in our quest for an understanding of real
evolutionary processes.In both caseswe shall �nd that the computer is a harsh dialogue
partner: what we want to expressmust be said accurately in every detail. More than in
any other casewe recognisethe relevanceof Wittgenstein's dictum: \What can be said, can
be said clearly, and what you can't say, you should shut up about."12 In the simulation
laboratory we shall �nd that much of what is said about both verbally and more or less
formally economicevolution is not \sayable" in the Wittgensteinian sense. But we shall
also learn to be tolerant about such apparent blunders from researchers that have not had
the support of the modern tools of analysing evolutionary processes.For instance, Nelson
and Winter (1982, 29) �nd that \the intellectual coherenceand power of thinking about
Schumpeterian competition have been quite low, as one would expect in the absenceof a
well-articulated theoretical structure to guide and connect research."

Let us for a moment take the viewpoint of a developer of an evolutionary model. Such
developersfrequently point out that the computer's requestfor intellectual discipline is quite
helpful. Thus Nelsonand Winter (1982,39) emphasisethat they \are evolutionary theorists
for the sake of being neo-Schumpeterians" and believe \that he [Schumpeter] would have
acceptedour evolutionary [simulation] models as an appropriate vehicle for the explication
of his ideas." One of the major reasonsis that simulation work helps make our models
more precise: \the simulation format does impose its own constructive discipline in the
modelling of dynamic systems. The program must contain a complete speci�cation of how
the systemstate at t + 1 dependson that at t and on exogenousfactors, or it will not run."
(Nelsonand Winter, 1982,208f.). In other words, we have to develop any existing verbal or
formal evolutionary model to a stageof maturit y that allows us to implement it by a set of
variablesand parameterstogether with a set of equationsthat specify how each of variables
is to be calculated by means of parameters and other variables. A simulation of such a
model furthermore require a input of the numerical valuesof the parametersand the initial
values of the state variables (i.e. the variables that are used with a time lag). To allow a
computer to \run" the simulation it also needsalgorithms to handle the sequencein which
the variables are to be computed as will as speci�c information about the length of the
run, the initialisation of the random number generator, etc. In return to these inputs the
computer generatesthe results of the simulation that help in the analysis of evolutionary
dynamics.

The basic reasonfor the fruitfulness of the dialogueswith computer systemsin relation
to simulation models is that thesedialoguesgive us accessto a constructive and procedural
methodology.13 This methodology suggeststhat we learn about the conceptof an evolution-
ary processby building arti�cial evolution in the simulation laboratory. Our construction
work is not only present in model development but also in the useof pre-mademodels. So
it is useful for any worker in the simulation laboratory to know somethingabout the major
building blocks. Let us considera relatively simple speci�cation of thesebuilding blocks of
a simulation.

12 This translation of the quote from Wittgenstein's Tractatus Logico-Philosophicus is by Gintis (2000, xxviii).
13 In their appreciation and interpretation of the procedural methodology the authors of the present book
have been in
uences by many computer scientists. Ab elson and Sussman(1996) is a good example of the
application of the methodology.
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Figure 1.8. Simulating an evolutionary model.

An assignment is an equation that on its left hand sidehasthe nameof the entit y to becom-
puted and on its right hand sidehasthe expressionthat de�nes the computation. Exam-
plesof assignments are Productivit y = 1:2, and Quantit y = Productivit y � Employment .

A model equation (M i ) is an assignment that on its left hand side has the name of a vari-
able and on its right hand side has its de�ning expression. An example is Quantit y =
Productivit y � Employment . A model is de�ned as a list of model equations.

An initialisation (I j ) is an assignment that on its left hand side has the name of a pa-
rameter or a state variable and on its right hand side has its value. An example is
Productivit y = 1:2.

A simulation run speci�c ation (R k ) is an assignment that on its left hand sidehasthe name
of a parameter that controls the simulation and on its right hand side has its value. An
example is Simulation steps= 5000.

A simulation (S) canbede�ned asthree lists of assignments: a list of model equations(M ),
a list of initial values(I ), and a list of run speci�cations (R). In short, S = (M ; I ; R).

Luckily for the newcomers to evolutionary simulation it is not necessaryto start with
the di�cult step of transforming an only apparently clear-cut model into a workable list
of equations M . An better alternativ e for us is to start simulation work with an existing
implementation of a simple evolutionary model. The main elements of the work with such
a simulation is depicted in �gure 1.8. Both M and algorithms for determining the sequence
in which the equations are to be computed are often embodied in a computer application.
To begin with we should take this embodiment of the model as given. After starting the
model application, we have to specify the necessaryinputs for a simulation run. The set of
initialisations I includes both the values of parameters and the initial values of the state
variables. The set of simulation run speci�cations R includes the number of simulation
steps,a list of variables to be saved during the simulation, a \seed" for the generation of a
seriesof random numbers,etc. Both I and R can either be provided on-line or through one
or more �les. After theseinputs have been�xed, we can command the application to start
the speci�ed simulation. After this simulation has beenrun we have to inspect its results.

The above account for the de�nition of a simulation does not tell about the di�culties
of providing this de�nition. The di�culties are most obvious in relation to the speci�cation
of the equationsM , but even when we are just dealing with I and R there is a real risk of
bad-quality speci�cations. In generalit is not di�cult to understand that if weput nonsense
into the computer, we shall get nonsenseout of the computer: \garbage in, garbageout".
The real problem is to tell which inputs are garbageand which are not. The main solution
is to apply the principle of successive approximations (see section 1.1) by starting from
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speci�cations that we are more or less sure will work correctly|and then make further
changesin tin y steps. After each tin y step we make sure that the simulation is working
correctly beforewe turn to the next step.

From the viewpoint of model developers theseprocedureslook much like the onesusedin
the construction of a house,but the elements of computer programsare in�nitely more 
ex-
ible that the bricks and mortar usedfor houseconstruction. The bricks and mortar for the
modelling of evolutionary processesare largely arti�cial agents and their interconnections,
and theseelements can be changedat any time. This 
exibilit y is a great advantage, but it
is a challengenot to misusethe 
exibilit y and corrupt the slowly progressingconstruction
processby creating incomprehensiblemodels.

The book's emphasison the learning-by-building approach to evolutionary processesdoes
not imply that we can leave out the standard analytical approach of mathematics. We have
already seenthat formal mathematical analysisof simpleaspectsof evolutionary processesis
of great help in our e�orts to cope with complexity (seesection1.3.2). Contrary to popular
beliefs, mathematics is the ultimate meansof applying the KISS principle. The deductive
mathematical methodology is a strong check on any tendency to formulate over-complex
models. But we shall seethat this methodology tends to put too strong constraints on
model development. If theseconstraints had beenfully acceptedduring the last 150 years,
there would probably never have emergedfull-blown theories of biological evolution and
economicevolution. The reasonis that these processesare too complex to allow for their
generaldescription at the level of precision of proven mathematical propositions.

The typical development of simulation work will start from the \safe" areas|lik e simple
processesof selection|where we are supported by standard mathematical results. Here
simulation allows us to get a better intuition about the processes(and maybe to learn what
the mathematical results really mean). However, the task for simulation work is also to
move into uncharted areas. If we do not move too fast, the augmented simulation model
can give results that are understandable and whosevalidit y can be checked by statistical
tools. There is a good deal of fun in this exploration process,but the fun is likely to
disappear if and when we loosecontrol of the complexity of the model. In the casethat the
model has becomeincomprehensible,it is time to move backwards to better charted areas.
A reorganisation of the simulation model and the application of new tools may later allow
a new step forward.

1.5.2 Division of lab our in the lab oratory

Before entering the simulation laboratory we should recognisethat it is an environment in
which several qualitativ ely di�eren t activities take place. These types of activit y can be
summarisedunder three headings.

Model application is in a sensethe most fundamental activit y. When performing this activ-
it y we explore a given model by a set of systematically performed simulations. Through
the exploration we �rst obtain an in-depth knowledgeabout the functioning of the model.
Then we turn to a study of the results in a format that is helpful for reporting to out-
siders who are interested in the functioning of the model, although they lack the time
and/or competenceto perform the exploration of it.

Model development is the activit y that provides the simulation models for the explorative
activit y. Thus we should always perform model development in a way which points to
the subsequent application. What makes development a separateactivit y is that is it
here the di�cult translation of evolutionary ideasand models into a format that can be
handled by computers.

Systemdevelopment is yet another step removed from model application. If we turn to
this activit y, we try to improve the conditions for performing both model development
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and model application. The Lsd system is the result of such a meta-activit y, but there
are also many lessdemanding forms of system development. For instance, there is the
task of exploring and developing elements that are common to many simulation models
like the functioning of a particular selection mechanism, the generation of the random
numbers that are usedto represent innovations, or a new statistical technique.

It is obvious that theseactivities require di�eren t levels of computer skills and skills on
the analysis of evolutionary processes. Thus there is an obvious tendency to develop a
division of labour between model users, model developers and system developers. If this
division of labour is driven too far it is, however, quite problematic from the viewpoint of
both an apprentice and a master in the simulation laboratory. For the beginner a sharp
division of labour blocks the road to mastery. For the advanceddeveloper there is a risk of
a lack of feedback from model application that is the ultimate goal of the whole activit y.

From another perspective a temporary division of labour can, however, be quite fruitful.
Actually , one of the ways in which we can apply the divide-and-conquer principle is to
deal with the di�eren t activities one by one. As beginnerswe can concentrate on using a
given simulation model even though we are not immediately able to contribute to its further
development. The main purposeis probably to obtain a deeper understanding of an existing
model aswell asof evolutionary processesin generalby performing simulation experiments.
But at the sametime we obtain important skills for further simulation work. As advanced
learners or researchers we need to perform the same type of exercises,but we may also
turn to model development. The primary purposeis probably still to obtain insight and
interesting results. but we also need to be able to reprogram the simulation model in an
interplay with verbal and analytical models. During this processwe may becomeinterested
in the art of simulation for its own sake, and this may lead into the system development
activit y.

Simple users and advanced developers are not independent of each other. First, the
developers are often the primary usersof their own models|since they use the models to
produceresults that canbepublishedin reports and journal papers. Second,developershave
often started as simple users. Thus, they can appreciate the needof simplifying the steps
though the skill levels related to simulation work. Third, the simple usersare dependent on
a supply from model developers. This supply can be motivated by pedagogicaltasks, the
needfor help in the checking whether the modesare correct (debugging), or pure altruism.
Fourth, there seemsto be an increasingpressurefrom the economicsprofessionin general
and journal editors in particular to persuadedevelopersto distribute their simulation models
so that they can be subject to peer review ands other kind of quality control from people
who are not experts in the particular domain of modelling. Fifth, many of the researchers
that try to promote evolutionary economicsare increasingly aware of the importance of
a well-functioning communit y with room for both relatively simple users and advanced
developers, and with an enhancedinteraction betweenthem.

1.5.3 W orking in lo ops

As soon as we consider the details of �gure 1.8 on page 26, the interplay between the
di�eren t tasks and the gradual movement from one to another becomemore obvious. The
main reasonis that cannot explore the full potential of an evolutionary model by meansof
a single simulation. In addition we have to study the behaviour of the model with di�eren t
simulation settings as well as with di�eren t valuesof parametersand state variables. This
processof exploration is depicted in �gure 1.9. The starting point for these additional
activities is a study of the results of a single simulation run. On this background several
questionsand tasks confront us.

Loop 1: Changing the simulation settings. One simple question is about the long-term be-
haviour of the simulated system. We can answer this question by increasingthe number
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Figure 1.9. Feedbacks in the simulation of an evolutionary model.

of simulation steps. Another simple question is whether the result typical of the given
settings of parametersand state valuesor whether it is re
ecting a particular sequence
of random events. We can check this by changing the \seed" of the random number
generator and comparing the old results with the new ones. To the extent systematic
results are neededwe can perform a statistical analysisof the results of a large seriesof
runs with di�eren t \seeds".

Loop 2: Changing the parameters. Our analysis through loop 1 only explore the behaviour
of the simulation model for a particular set of parameters. An additional question is how
the behaviour of the model dependson the valuesof its parameters. We can answer this
question through a systematic study of how the model behaves in di�eren t parts of the
\parameter space". In somecaseswe can make this study by de�ning \high" and \lo w"
valuesfor each of the parametersand then make runs for all the possiblecombinations of
\high" and\lo w" values. In other casesit is necessaryto perform a much more extensive
exploration of the parameter space.

Loop 3: Changing the initialisation of state variables. Somedynamical systemshavea long-
term behaviour that has no dependenceon the initial values. This is often the casefor
evolutionary models, but it is not necessarilythe caseso a study of the consequences
of di�eren t initialisations is often necessary. A special aspect of the initialisation is the
number of entities (e.g. �rms and households),which also may in
uence the model's
long-term behaviour.

Loop 4: Changing the equations. In many studiesof the behaviour of a simulation model it
is assumedthat the structure of the model is kept unchanged. Sooner or later we have,
however, to start asking questionsabout the behavioural consequencesof small changes
in the basic structure of the model, i.e. the equations that specify the way in which the
valuesof the variables at time t dependsdirectly or indirectly on the variables at time
t � 1. Through a seriesof such small changesof the structure of the model we may even
cometo a qualitativ ely new type of model. Sincethe modi�cation of a simulation model
can move in many directions, the ultimate result is an increasingnumber of more or less
di�eren t models.

Loop 5: Developingsimulation tools. During the work within loop 4 a good deal of di�cul-
ties are likely to arise. Most of these di�culties are sooner or later overcomein an ad
hoc manner, but these\solutions" are in the long run ine�cien t and someprogrammers
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also considerthen \ugly" . For theseand other reasonssomehackers are likely to engage
in the development of smarter solutions. Here we, of course,use the notion \hacker" in
its original sense,i.e. as someone\who enjoys exploring the details of programmable
systemsand how to stretch their capabilities, as opposedto most users,who prefer to
learn only the minimum necessary"(Raymond, 1996,233).

This short description of how to work with existing simulation models is far from ex-
haustive. The description is, however, su�cien t to demonstrate that simulation involvesa
good deal of repetitiv e work, which was very seldomly performed before the emergenceof
the modern computer. Even today the repetitiv e work is unlikely to be performed system-
atically unlessit is supported by adequatecomputer tools like the Lsd system.

1.5.4 W orking in steps

Although the working in loopsplays an important role in the art of simulation, it is obvious
that any simulation project has a beginning and an end. Therefore, we may also apply a
temporal approach when we try to grasp the activities in the simulation laboratory. This
approach concentrates on the phasesor stepsthat characterisemost simulation projects.

Computer simulation is an important means for the study on how the di�eren t evolu-
tionary mechanisms work together in an evolutionary process. Each simulation can be
consideredas an instance of Arti�cial Economic Evolution, which has several advantages
over real economicevolution. First, the computer provides us with full information on each
and every step of the evolutionary process. Second,we can easily rerun the processmany
times to study the consequencesof random events that play a crucial role in most evolu-
tionary processes.Third, we can make a statistical analysis to seethe typical or expected
outcomeof the evolutionary process.Forth, we can changethe parametersand initial values
of the processto detect (directly or by statistical means)the consequencesfor the histories
and their possibleequilibrium end states. Firth, we can make a more or less exhaustive
analysis of the consequencesof the parameter spacethe initial state spaces.Sixth, we can
control someof the details of the evolutionary mechanismsby a special kind of parameters
and test their importance. For instance, we may study how Schumpeterian competition
takesplaceunder di�eren t investment rules and imitation regimes. Similarly, we may study
how the outcome of an evolutionary gameis determined by the actors's precisepattern of
interaction and their kind of imitativ e behaviour.

In this situation it is important that even the simple user has some degreeof under-
standing of the main steps in the modelling provesand the place and role of simulation in
this process. These steps|that are depicted in �gure 1.10|ha ve also served as a rough
guideline for the construction of many of the chapters of the present book. The main steps
are:

Step 1: De�ne the problem. For the simple model user the problem may just be to under-
stand replicator dynamics, but for the model developer the de�nition of the problem
may be a large part of the whole exercisethat includes literature studies and empirical
investigations in connection with modelling re
ections.

Step 2: De�ne and understand the model. For simple model usersthis task involvesa study
of literature of relevanceto the model as well as the writing down of the main equations
of the models. If the long-term behaviour of the model canbe describedby mathematical
deductionsit is usefulto study the theorems(and the proofs), but it shouldbeemphasised
that the lessmathematically mature student can follow an alternativ e strategy: to run
simulations and then to turn to the mathematical explanation of the results. At least
after simulations of replicator dynamics the student should e.g. be able to appreciate
\the fundamental theorem of natural selection"(that the speedof changeof the weighted
average�tness is proportional to the varianceof the �tnesses of the population). In any
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Figure 1.10. Steps in simulation work. A few feedbacks are included.

caseit is useful to remember the KISS principle: always start from a highly simpli�ed
model that you have a chance to understand. Many evolutionary models allow the
introduction of more and more complexity, and in this caseyou should always start with
the simplest version. Exactly the samerule shouldbe usedby the model developers. The
task is here to formulate the target model as a sequenceof successive approximations.

Step 3: Study or make the implementation of the model. This is a critical step both for the
simple model userand the model developer. One problem is that a numerical simulation
is not exactly the sameas a theoretical model. In the caseof replicator dynamics the
theoretical model is normally formulated as di�eren tial equations: at any point of the
frequency of a particular behaviour changesin proportion to the distance between its
�tness and the weighted average �tness of the population. All computer simulations
work by discrete steps of time so they can only handle discrete di�erence equations in
a fully correct manner. Often computer simulations handle this problem by numerical
methods that give very �ne approximation, 14 but the Lsd systemdoesnot support these
methods in a simple way. Soit is likely that a Lsd program givesa rough approximation.
Normally this is not a real problem, but if you are not aware of it you may wonder about
the model's behaviour at extreme parameter values. Seenfrom the viewpoint of the
designof the Lsd systemthis kind of problem is traded-o� but advantagesof simplicit y
and clarit y. Normally a Lsd model works in simple time steps. In the beginning of
period t the simulation only knows the values of parameters and the lagged variables
whosevalues was calculated the previous period(s). These values, the equations of the
model, and an updating algorithm form the basis for the calculation of the new values
of the variables. Then the systemturns to the calculation for period t + 1, and so on.

Step 4: Perform a simulation and study the results. For a simple model user this step ap-
pearsprett y straightforward. The task is basically to load a given con�guration �le (with

14 We shall later seethat we can here apply the Runge{Kutta methods of numerical analysis.
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valuesof parametersand the initial state), run the simulation, follow selectedsomeseries
during the simulation run, and afterwards study new plots or the data �le (in spread-
sheetformat). However, to obtain maximum e�ect of the study it is important to make
somee�orts before the run. Here the task is to study the initial state. (e.g. number
of �rms, characteristics of the market and the �rms, etc.) and to make guessesabout
the likely outcome of the simulation. It might even be useful to sketch out the likely
dynamical path of selectedvariables. Thesee�orts serve to make an e�cien t study of the
simulation results and thus to create hypothesisfor further experiments. For the model
developer a singlesimulation run often servesasa rough meansof debuggingthe model.
Unexpected behaviour is often the result of an error in the model's implementation.

Step 5: Perform statistical analyses. In the caseof deterministic modelsa singlesimulation
is su�cien t to seethe model's behaviour with a particular con�guration. This is because
replicator dynamicsonly re
ects oneof the mechanismsof economicevolution (selection).
To implement variety creation it is normally necessaryto introducerandomnessin more-
or-lesscontrolled manner. But this meansthat the full evolutionary model becomesa
stochastic model that cannot be adequately characterisedby a simple (an possibly very
atypical) simulation run. Therefore, foolproof descriptionsof the model's behaviour need
to be made by meansof the relevant statistics, means,variances,etc. Thus you have to
plan repeated runs, to export the data to a statistical package, and make the required
statistics. In somecasesthe simulation program can perform the calculations for you.

Step 6: Explore the parameter space. Often a simulation model hasshugeparameterspace.
So even if you understand the models behaviour with a given con�guration, you cannot
be sure about its behaviour for other con�gurations. Often the model developer has
included several con�guration �les in the distribution, and this meansthat the simple
model user has someguidance. It is, however, often necessaryto make a plan of how
to explore systematically the parameter spaceof the model. In the caseof a simple
deterministic set-up like in the basis model of replicator dynamics of the choices are
prett y obvious: Start with the extreme casewhere all �rms have the same�tness and
then check that what happens. Then check for a few di�eren t speedsof adaptation
and for a few di�eren t dispersionsof the �tnesses across�rms. In all casesyou should
make sure that the \the fundamental theorem of natural selection" holds. In the case
of a more complex model of Schumpeterian industrial dynamics there are many more
settings, and the experiments might seemunmanageable.However, for a start you may
try out high and low settings for the core parameters. If this procedure is followed for
four parameters,you will as a start have to try 24 = 16 alternativ es.

Step 7: Confront the results with the model speci�c ation. The simulation resultsshouldnot
be left alonebut comparedwith the results that could be expectedfrom the original def-
inition of the model and the related discussionsin the available literature. The beginner
should observe that any deviation is likely be the result of particularities in the model's
implementation. For the model developer there are more interesting things to learn|
evenshortcomingsin the existing literature and the possibility of in
uencing the scienti�c
debate. To exploit such opportunities it is normally necessaryto try out modi�cations
of the model's speci�cation, etc.

Step 8: Report the results. Even for the beginner it is good practice to develop a habit of
a condensedbut su�cien t reporting of experiments with evolutionary models. These
reports may follow the standard IMRAD layout, i.e. Introduction, Model Speci�cation,
Results, And Discussion. The report may include graphs (e.g. screenshots)and statis-
tics. For the model developer such a reporting is, of course,much more important. The
principle of scienti�c replicabilit y should not be forgotten in the hurry of writing up a
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scienti�c paper. This implies that the full speci�cation of the model (and additional ma-
terials) should be available for interestedresearchers. Thesematerials must be su�cien t
for the replication. The simulation program and the con�guration �les are the easiest
and most complete part of the documentation.

1.6 Lab oratory for sim ulation developmen t (Lsd)
1.6.1 Elemen ts of the Lsd system

The Laboratory for simulation development (Lsd) is a systemof tools and simulation models
that are designedto professionalisethe exploration and extension of simulation models.
Thus the Lsd system supports in multiple ways all the issuesof the art of simulation that
were covered in section 1.5. This broad coverage means that the Lsd system is rather
complex. But we may start from the simple fact that there are two main elements of the
Lsd system: LMM and LMEs:

Lsd Models Manager (LMM) is a computer application that is usedfor the selection,com-
pilation and modi�cation of stand-alonesimulation models (LMEs). For usersthat are
interested in model exploration LMM is simply a tool for choosing betweenpreexisting
simulation models (preparing for loops 1{3 in 1.9), while the advanced user also apply
LMM for the modi�cation of existing models and the creation of totally new models
(loop 4). From the viewpoint of both the Lsd model user and the Lsd model developer
the necessarytasks are performed by LMM , but actually the tasks are executedby the
algorithms encoded in LMM in \collab oration" with standard computer tools|esp ecially
a toolkit for the user interface as well as programs for the compilation and debuggingof
LMEs.

Lsd Model Explorers (LMEs) are stand-alone applications for the simulation of models.
There is normally one LME for each set of equations (although someLMEs can switch
between di�eren t model speci�cations if one or more parameters are changed). For
simple model exploration a LME can be used with a prede�ned con�guration �le that
specify the simulation settings, parameter values and initialisations of state variables.
When such a �le is loaded into the LME , the user can simply run the simulation model
and study the results. The LME provides a large set of tools for this analysis of the
results. The LME also allows users to change the con�guration and thus to perform
loops 1{3 of �gure 1.9 in an e�cien t manner. Finally, the LME provides tools for the
model developer. Here the basic task is to make a modi�cation of the structure of the
model in synchronisation with the modi�cation of the equationsof the model.

The many facilities of LMM and the LMEs may initially appear as somewhatconfusing.
The solution is to beawareof the complexitiesand follow a strict divide-and-govern strategy.
The treatment of the Lsd system in the present book is designedin accordancewith this
strategy. The basic distinction is betweenbasic usesof the Lsd system that take existing
models for granted (loops 1{3) and model development (loop 4) that is, of course,intended
to change the models. When learning the Lsd system even the advancedmodel developer
should �rst (quickly) run through the basic usesof the system before proceedingto model
development. For lessadvancedusersthe basic parts of the systemmight be su�cien t|at
least during a �rst reading of the book. As an introduction we shall, however, look brie
y
at both aspects of the Lsd system. The using of existing models is dealt with in section
1.6.2 while model development is the topic of section 1.6.3.

1.6.2 Lsd for mo del users

Any useof the Lsd systemstarts with its installation|and this is possibleon a wide range
of computer systems.For the simple model userthe easiestchoiceis a full installation of Lsd
as described in an appendix. This installation is quite automatic on MS Windows systems,
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Figure 1.11. The window of the Lsd system that is �rst encountered by users. This window is the
part of the Lsd ModelsManager(LMM ), whereyou choosethe model with which to work. In the left
part of the window there is a list of the models that are found in the Lsd directory of the computer.
A model named DruidAL1 (ver. 0.4) is chosen. When a model is chosen,its description is shown in
the right part of the window. This allows a �rst overview over the possibilities.

while someadditional actions might be neededon someUnix systems.The full Lsd version
includes a fairly large sampleof evolutionary models. However, if another type of model is
needed,there is a needof an additional model installation.

When the Lsd system is correctly installed, the Lsd Model Manager (LMM) should be
started. This application is called lmm.exe on Windows systemsand lmm on Unix systems.
The basic functioning is described in an appendix.

In LMM the user is initially faced with a window that allows the inspection of short
descriptions of the available models (see�gure 1.11). A standard LMM sessionstarts with
the selectionof one of thesemodels. Then the user can selecthelp �les, documentation on
the model and the �le that speci�es the equationsof the model. LMM is also a text editor,
but this facilit y should only be usedfor writing reports on the exploration of given models
(while equations should not be edited before su�cien t knowledge is obtained; seesection
1.6.3).

As can be seenin �gure 1.11 there is often a large number of models to selectbetween.
They range from teaching models to strange research models. Onceagain we are guided by
the principles stated in section 1.1, so we know that we have to start from an apparently
ridiculously simple model and spend some time with it before we move to a slightly less
ridiculously simple model. Apart from the problem of model complexity we also have to
take into account that we are apprentices in the art of evolutionary analysisand simulation
work. However, sincesomeare more in needof apprenticeship than others, it may be asked
why there is relatively little protection for the novice in the Lsd system. The realistic
answer is that it is both impossibleand uninteresting to create a fool-proof system. Even
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Figure 1.12. We are now in the main window of LMM and seethe description of the model. This
window is the main accessto the multiple functions of LMM (including an editor program for writing
reports and Lsd models. We have, however, chosento run the model immediately. This starts an
automatic processthat checks whether the model is already compiled into a Lsd Model Explorer
(LME ). If this is the case,this application is immediately opened. Otherwise, the computer system
�rst compilesand then opensthe application.

advanced modellers can becomeconfusedunlessthey stick to the basic rules. Instead the
novice should be happy of the accessto the samesimulation tools and the samesimulation
models as the advanced model developer. One purposeof the present book is to explore
the possibilities for using the Lsd systemand the Lsd models at many di�eren t competence
levels. At any level there are good possibilities for exploring new frontiers.

There are simple tra jectories through the Lsd system that we shall brie
y consider in
the present section. Such a tra jectory presupposesa quick choice of a simple model. This
choice brings us into the main window of the Lsd Models Manager as depicted in �gure
1.12. For many �rst-time Lsd users the main function of LMM is that it provides the
standard entry points to Lsd Model Explorers (LMEs) . If the LMM menu item Model/Run
Lsd Model is chosen,then the systemtries to start the model that was chosenat the start
of the LMM session. If this model's LME is available in executable(i.e. compiled) form
and the equationsare unchanged,then it is started immediately. Otherwise, LMM starts a
compilation processthat endswith the opening of the LME of the model (see�gure 1.13).

Beforeweconsideran LME moreclosely, it is useful to think abstractly about its function.
Here we can apply the general account for simulation models from section 1.5.1. Thus
we can immediately say that a LME has to administer the speci�cation of a simulation
given by equations, initial values and simulation requirements summarisedin the formula
S = (M ; I ; R). Since a LME is a computer application is has like any other computer
application someparts that are not immediately changeable. These frozen parts are the
equations of the model|lik e the formal speci�cations of the AL Mark Ia model in section
1.2.3. So when we chose a Lsd model, we chosea �xed set of equations M . What can
be changed is the initial values I and the simulation speci�cations R. The Lsd system is,
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Figure 1.13. The browser window of the LME (Lsd Model Explorer) for an AL -like model has been
openedby LMM and we have loadeda simulation speci�cation called LK1a repldyn. The lower left
part of the browser window shows the economy-level variables and parameters. In the right panel
the Run menu has beenpulled down and we are ready to run the model.

however, designedfor a more 
exible use than suggestedby this account, so we can e.g.
switch equationson and o� within a LME application.

The way we input I , R and some information on M into Lsd model applications is
through a Lsd model con�guration �le that is modi�ed from within the application. So a
simulation sessionin the lsd systemalways starts by load a con�guration �le that speci�es
the model structure as well as the values of parameters, state variables and simulation
settings. For any given model there are often several such �les (e.g. modelname.lsd) and one
of them have to be chosenin a window openedby the menu item File/Load . After such a �le
is loadedthe LME model browserwindow includesinformation on this model speci�cation as
weseein �gure 1.13. This information is organisedaccordingto the hierarchical structure of
the model. To give a quick overview the LME opensa model structure window immediately
after the con�guration �le has beenloaded. Such a window is depicted in �gure 1.14.

The hierarchical organisation of the model will come as no surprise after our study of
the AL family of models, where we always have a system level and an organisation level.
But �gure 1.14 gives us a glimpse of other usesof the hierarchical structure. Thus we
see that the selectedmodel includes an object called options, which obviously contains
parametersthat control the overall featuresof the simulation model. There is also included
an object called World, and the cursor is placed so that we immediately seeits contents.
Actually , the \W orld" is a kind of statistical o�ce that collects and summarisesdata from
multiple economies.But the �gure also demonstratesthat the World consistsof only one
Economy with 5 �rms and one household sector. So the collected statistics make little
sense.But for the Lsd system the number of any object is a parameter that can be reset
before any simulation run. So by changing the number of economiesto 10, we would have
10 independently running economies,each with 5 �rms. The parametersand state variables
for each of theseeconomiesand its �rms can be set independently. But the main useof the
feature is di�eren t: As soon as we leave the �xed-pro ductivit y world of the AL Mark Ia
model, we have a problem with random numbers that determine the path of productivit y
advance if each of the �rms. So an individual simulation run cannot be taken as typical
for the model's behaviour. By simulating the model 10 times with di�eren t sequencesof
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Figure 1.14. The model structure window of the LME for the AL -like model. There are �v e hier-
archically organised objects: World, Economy, Firm, HouseSectorand Options. Since the cursor
is placed over the object World, we seethe variables that are found here. The World allow runs
for multiple but unrelated economies.The variables collects statistics about the dispersion of mar-
ket shares(the inverseHer�ndahl index) and about the static e�ciency lossdue to Schumpeterian
competition (the gap betweenactual and potential output).

Figure 1.15. During a simulation run in an LME application it is possible to follow the dynamics
of selectedvariables. The have selectedthe market sharesof the �v e �rms and seethat they show
a simple distance-from-meandynamics. This immediately tells ud that the �rms have �xed but
di�eren t productivities. The �gures of the vertical axis go a little above 1 and below zeroso that we
can seethe lines, but of coursemarket sharesare between zero and one. After the simulation run
there are very rich possibilities for exploring and documenting the results. Here we can alsoproduce
more beautiful and precisegraphics.

ArtEvolEcon 10th April 2002, 17:56 D R A F T



38 INTR ODUCTION

Selectmodel
in LMM

Inspect basic
documentation
and equations

Start the LME
Write simple
reports on
the study

Load con�guration
in the LME

Change
con�guration

Inspect and
changehelp �les

Run model and
study Run Time Plot

Analyse results
in the LME

Plot data Make statistics
Export data to

other applications

Figure 1.16. The basic useof the Lsd system.

random numbers, we get a better impression of the typical behaviour of the model. The
setup in �gure 1.14 is mainly designedfor this purpose.

If we return to the right panelof �gure 1.13,weseehow to get a simulation running. If we
choosethe menu item Run/Run , the Lsd systemstarts a simulation basedon the compiled
equationsand the input from the con�guration �le. Normally the distributed con�guration
�les are ready for running and are chosen to demonstrate typical or interesting model
behaviour, so it is best to study the standard con�guration before we start to change it.
In models for beginnersthe simulation speci�cation includes a selectionof variables whose
dynamical behaviour can be followed during the simulation run. This information is shown
in a special Run Time Plot window (as shown in �gure 1.15).

The Run Time Plot window is useful for obtaining a �rst impressionof the behaviour of
the model. In the caseof �gure 1.15 it is immediately obvious that we are dealing with an
exampleof simple replicator dynamics. Thereforewecanusethe results about the AL Mark
Ia model to guessabout the construction of the model and the settings of its parameters
and initial values (that are more or less like in table 1.2). But normally the dynamics of
a single variable is not su�cien t to obtain an understanding of the model (and advanced
Lsd usersoften switch o� the Run Time Plot to increasethe speedof the simulation). The
crucial feature of the Lsd systemis that it after a simulation run make the simulation results
are available for analysis and provides a large number of tools for this analysis (available
from the menu item Data/Analysis Result). Thesefacilities for data analysis too complex
for the present introduction, so we shall instead considerthe facilities in the context of the
full functioning of the Lsd systemas depicted in �gure 1.16.

In �gure 1.16we seea summary of what hasalready beensaid about the basicuseof the
Lsd system: The selectionof a model (as in �gure 1.11), the starting of a model application
(as in �gure 1.12), the loading of a model/simulation con�guration �le (as re
ected in
�gures 1.13 and 1.14), and the running of this model and the study of the dynamics of a
selectedvariable (ike in the right panel of �gure 1.13and in �gure 1.14). The �gure 1.16also
emphasisesthe multiple meansof studying the results of a simulation. One possibility is to
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make many typesof plots|b oth asstandard Lsd featuresand in the more or lessintegrated
Gnuplot program. There are alsoseveral ways of making simple statistics in addition to the
statistical facilities that are build into many model LMEs. Finally, there is the possibility
of exporting the results to more or lesspowerful external applications (ranging from MS
Excel to SPSS,SAS, etc.).

Another aspect of the Lsd facilities is also included in �gure 1.16. This is the Lsd
documentation system. It is a frequent but erroneous opinion about computer uses in
generaland simulation in particular that one can learn only be trial and error. Actually a
basic answer to the complexity crisis that can easily be encountered in simulation work is
to make and usedocumentation as all levels of use. The Lsd systemhas very rich facilities
for supporting usersthat have learnt this lesson. These facilities are too complex to cover
in the present introduction. It should, however, be noticed that the Lsd system includes a
large amount of documentation in the from of hypertext documents that can in many of the
Lsd windows be accessedfrom the Help menu. The Lsd system usesthe computer's web
browserfor displaying this information. The systemalsoincludesfacilities for the automatic
generationof help �les in HTML format. Thus even if a lazy model developer has failed to
supply a model documentation �le with an Lsd model, it is quite easyfor the ordinary user
to remedy this situation. There is simply a menu item in the model browser of any LME
that if chosenautomatically generatesa model report including the structure and equations
of the model and a full documentation of the initial values,etc. of the loadedcon�guration
�le. But any user needsto generatepersonal documentation. The main window of LMM
includes a text editor for �rst versionsof study reports.

1.6.3 Lsd for mo del develop ers

Pure usersof the Lsd system have to assumethat there is a stock of Lsd models, someof
which are relevant to their purposes. This assumption is for several reasonsproblematic.
First, evolutionary theorising and modelling is not settled down; it is a changing research
area with many niches. In such an area there is a need of developing new models rather
than just studying old ones. Second,any seriousstudy of evolutionary models are likely to
raise new issuesthat are best explored by modifying existing models or creating more-or-
lessnovel ones. Thus a model user that have circled around in loops 1{3 of �gure 1.9 is
sooner or later likely to want to try out loop 4. Third, we have hitherto made the implicit
assumptionthat model developersarequickly spreadingtheir modelsfor the bene�t of model
users. Unfortunately, reality is not often so. Among the problems are that the spread of
a simulation model meansan undermining of the temporary intellectual monopoly that a
private model brings with it, a public exposureof the bugsthat are often hidden in software
(as they are in mathematical proofs), and the burden of servicing the users that cannot
really understand the model and therefore sendsilly questionsand requestsby email. For
theseand other reasonsany long-term user of evolutionary models is likely sooner or later
to begin to think of becoming a model developer. For such users the Lsd system brings
good news,which may becomeobvious by a comparisonof �gures 1.16 and 1.17.

The fact is that in the Lsd systemthere is but a little step from being an advanceduser
and a beginning model developer. Actually , the main user of a simulation model is often
the person who has developed the model. So the tools that are described in the previous
sectionare also designedto be helpful for the developer-userof the model. But a developer
of simulation models, of course,needsa lot more than that. The initial changeis not large,
however. The �rst step is to be prepared by making sure which equation is in need of
a change. This can be done by inspecting the HTML report on the model. Second(see
�gure 1.17), we open the favorite Lsd model in LMM and ask the system to make a copy
of it. This is then done quite automatically. If anything goeswrong, we can always return
to the old one. Third, we open the equations �le in LMM and locate the equation. We
make a small change, make sure that there are no spelling errors, and save the equations
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Figure 1.17. The development of Lsd models.

�le. Fourth, we as usual ask LM M to open the model's LME . Now a compilation process
starts and if the equation has been changed correctly, we seethe models LME and make
a simulation (perhaps after having added a new variable name from the Model menu). If
there is a compilation error, we have to return to the equation's �le and try to �gure out
what went wrong: often it is just a matter of a small error. Fifth, we run the model and
study whether out changehas interesting e�ects on the simulation results. Sixth, we close
the LME and make another rewrite of the model. In this way we gradually becomemodel
developers.

As we gradually becomemore skilled model developers there are somemore basic prob-
lems that comesinto the focus of attention. Presently we shall just considera small sample
of such problems,which also helps to clarify the corearchitecture of the Lsd system. These
problems are:

The problem of programming languages: How much knowledge is neededand which
languageshould be selected?

The problem of user-friendly interfaces: How can we make models that can more or less
easily be usedby others?

The problem of distribution of evolutionary simulation models: How can we distribute
our simulation models in a format that makesthem available to a larger audience?

We shall consider theseproblems one by one.
The �rst major problem in relation to model development is often to choosea program-

ming language. The problem here is not only whether a languageis easyor not but also
whether it is freely available, portable to many computer systems,usedsu�cien tly to create
a stock of ready-madesolutions, etc. The Lsd system is designedto remove many of these
worries. Of course,the Lsd systemcannot remove the real troubles in model development|
to apply the principles sketched out in section1.1. But is is designedto remove much of the
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Figure 1.18. Among the purposesof LMM is the support for model development. This can be done
by programming in the Lsd equations languageand/or in the industry-strength C++ language. In
the window the coding is, however, performed in a highly simpli�ed version of the Lsd language
called the Lsd macro language. It is only the dark text that is macro code. The rest are comments.

boring work of creating interfacesand tools. Instead it tries to focus the model developer
on the real thing: to develop a model incrementally by a parallel development of a model
structure and a set of equations. This task is performed by moving back and forth between
LMM and the LME that represents the model that are under development. In LMM the
task is to write up a �le with a arbitrary ordered set of equations (as depicted in �gure
1.18). In the LME the task is to develop the con�guration �le and check that everything
works correctly after each tin y development step. If the developer gets these issuesright,
the Lsd systemtakescare of the rest.

The equationsshown in �gure 1.18is written in simplemacrocode that can|for relatively
simple simulation models|b e usedeven by a novice model developer. But underneath is, of
course,a real programming language. So although it is not really necessaryto think much
of this language, the authors have to admit that this languageis C++ (including nearly
all of C). C++ has been designedfor the most di�cult tasks of large-scaleprogramming
(including operation systems), so it has a very strong support for modularit y and other
aspectsof advancedprogramming. Furthermore, the C++ languagegrew out of experiences
with the classicalsimulation-oriented language(Simula), so it has also strong support for
simulation-oriented conceptsStroustrup (1994). The advantagesof C++ are so large that
most developers that still usee.g. Pascalor Fortran are interested in making the move. So
for the interesteddevelopers it should be noticed that the creation of a special Lsd language
for writing equationsthat works on top of C++ meansthe movehasbeenmademuch easier.
But it should also be noticed that rather advanced Lsd models can be developed without
more than a rudimentary knowledgeof programming in generaland C++ in particular.
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There are many commercial implementations of C++, but in order to promote a wide
and unfettered spread of the Lsd system, it is for e.g. Windows machines distributed
with GCC, the GNU C Compiler (that includes C++). The GNU compiler is not only
freely distributable (e.g. as Cygnus for MS Windows) but it is also an integrated part of
practically all Unix/Lin ux systems.An additional advantageof such a commonchoiceis that
the linking of the di�eren t elements of an Lsd model (the model in a narrow sense,the Lsd
tools, the graphical user interface) can be donethrough a standardisedproject management
tool (the GNU make application) that only requires minor modi�cations for the creation
of new models. Although these tools are built into the Lsd system, even advanced model
developerswill needno direct contact with them. Their handling are managedby Lsd. The
only thing that should be remarked is that the licensing conditions of the Lsd system is
the sameas for these tools: the GNU General Public Licensewhosepurposeis to protect
a sharing-oriented culture of software development and use. The major feature is that any
part of the code of the programs can be modi�ed freely. Any distribution (but not private
use) of the Lsd systemand, in principle, all Lsd models has to include the sourcecode and
the GNU General Public License(which is included in an appendix to this book).

A secondmajor problem in the development of ambitious simulation models is the choice
of a Graphical User Interface (GUI). The reason is that such models are often meant to
be usedby other personsthan their developers. The Lsd system has made this choice for
Lsd model developers and handles the related di�culties under the surface. The choice
in the Lsd system is the GUI de�ned by the graphical toolkit (Tk) of the Tool Command
Language(Tcl), asdescribed by Ousterhout (1994) and a lot of subsequent literature. This
graphical toolkit with buttons, menus, listboxes, scrollbars, etc. is very popular since it
de�nes a simple way of programming with windows and sinceTcl/Tk can in a simple way
be embedded in C++ programs. It is a freely available open-sourcesystem with licensing
conditions that imply that it can be freely modi�ed and included closed-sourcesoftware as
well as open-sourcesoftware (the GNU project has provided alternativ es,but they are less
wide-spreadthan Tcl/Tk). As long as Lsd developers does not want to make a change of
the basicLsd systembut just want to make models, then they can leave the problemsof the
GUI to Tcl/Tk and Lsd. Their only task is to make sure that they have a copy of Tcl/Tk
on their computer system(it is included in Lsd distributions for MS Windows).

The third problem about the design of a simulation model is how it is supposedto be
distributed. The Lsd solution is the following: A full Lsd system includes the GNU C
Compiler, the Tcl/Tk interface toolkit, the C++ �les that de�nes the functioning of Lsd,
and at least one Lsd model. This system is distributed as Internet downloads of self-
installing �les and on CDs. Given that the receiver has installed the other elements of a full
Lsd system, a new or modi�ed Lsd model is distributed as a (compressed)directory with
several �les. The directory should be clearly named,and if a model is changed,the directory
should be given a new name or a new version number (in a special �le). The directory will
be placed directly in the Lsd main directory. The model directory should include (1) the
C++ source�le that speci�es the equations of the simulation model by applying the Lsd
rules, (2) the Lsd �le that that speci�es the structure of the model and its initial values,(3)
a make�le that links the di�eren t components neededfor compiling the fully functional Lsd
model, (4) optionally, a compiled version of the model that is ready to run as a standalone
application (but the application is using 1 and 2, and thus presupposesan open-source
approach), (5) an HTML documentation of the model, (6) further documentation of the
model (optional).

Among the elements of a model directory, the documentation is the least well-de�ned
and the part that is most likely to be pushedaside. Therefore, it is important to remember
that a model without documentation is just an arbitrary software artifact and not a part of
evolutionary economicsor other social scienceareas. A fairly simple model is very hard to
decipher|ev en by its author after a period of a few months. The best documentation can
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undoubtedly be written after the completion of the project but it is a well-known fact than
it is also a di�cult and potentially boring task that is likely to be dropped. Therefore, we
suggestthat the documentation is written in parallel with the development work. Initially ,
a text document should be written about the purposeand the main structure of the model.
Then the model will be developed as a set of Lsd equations|one for each variable. During
the writing of the equations comments should be inserted into the C++ program, and
any change in an equation immediately be re
ected in the comments. Finally, a short
text document should be written about the default set-up of parametersand initial values,
and on the results that have been obtained with the model. Given these �les, Lsd can
automatically generatean HTML document with purpose,model structure, comments on
initial values,and all the equations and their related comments (in di�eren t colours). The
document has hyperlinks so that the logic of the model can easily be followed in a web
browser.

The suggestedmethod is obviously only a partial solution to the di�cult problem of
documentation. However, the fact that even a naive user can easily generatean automatic
model report (that may have beenforgotten by the developer) should put a certain pressure
on Lsd developers. The possibility of adding the documentation to articles submitted to
journals or to other requestsfor information about the model may alsoserve to improve the
quality of documentation. The potential use of the reports in di�eren t kinds of advanced
university teaching is yet another reasonfor making good documentation according to the
suggestedmethod. This method simply work, although it is admittedly crude and does
not live up to all the demandsof Donald Knuth's great idea of \Literate Programming".
However, a little attention to e.g. the sequencein which the equationsare presented (they
canhaveany sequencein an Lsd C++ program) might increasethe readability of the report.
But in the end there may be a need for a separately written documentation of the model
and the simulations. This document (which can easily reach the sizeof a book!) should be
well structured and as short as possibleto make revisionsas easyas possible.

1.6.4 The history of evolutionary economics and the Lsd system

At the beginning of this chapter it was provocatively suggestedthat the essenceof modern
evolutionary economicscan be grasped by expressionslike\Adam Smith with a computer"
or \Schumpeter with a computer". It is time to return brie
y to this proposition on the
background of our new knowledge about the Lsd system as well as about the methods of
evolutionary simulation and the AL exampleof family of evolutionary models. In this way
we may obtain a rough senseof direction and progress that is useful for the reading of
the rest of the book. There is, however, a need of a forewarning: the exposition will be
desperately brief and schematic. Thus the history of evolutionary thought and analysis in
economicswill be split up in only three phases: the old evolutionary economics,the dark
agesof evolutionary economics,and the new evolutionary economics.

In evolutionary-economic retrospect15 it is not di�cult to seethat a fair number of our
predecessorshave been struggling with themes and problems that are closely related to
economicevolution (seee.g. Hodgson, 1993). Thus we seethat more-or-lessevolutionary
ideaswere strong enoughto in
uence heavily very di�eren t economistsfrom Adam Smith
via and Marx, Menger and Marshall to Veblen,Schumpeter and Hayek. This may be called
the old evolutionary economics.

As the standards of formal economicanalysis increased,the inadequacyof the old evo-
lutionary economicsbecamemore and more clear. Especially from the 1920s this kind

15 That is, in the retrospective or \Whiggish" style of studying the history of economicanalysis that has been
pioneered by Blaug (1996[1962]).
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of thinking was simply pushed away like|in Lionel Robbins' words16| \in telligent after-
dinner talk" . This conclusionis not asunfair as it sounds|and the omissionof the study of
economicevolution from Schumpeter's (1954) encompassingHistory of Economic Analysis
indicates a silent agreement in the conclusion. Thus evolutionary thought in economics,
and other social sciences,entered what has beencalled their Dark Ages (Sanderson,1990).

We have to move to the early 1970s to see a real change and to the early 1980s to
seethe works that demonstrated that evolutionary analysis is a viable activit y, which has
beencalled the new evolutionary economics.Three books from the early 1980sfunctioned
as signposts for later developments. The �rst was An Evolutionary Theory of Economic
Change by the economistsNelson and Winter (1982). Here it is demonstrated that both
economic growth and Schumpeterian competition within an industry can be represented
by formal models and related simulations of the evolutionary process.The secondbook is
Evolution and the Theory of Games, wherethe evolutionary biologist Maynard Smith (1982)
demonstratedthe wide useof evolutionary gametheory to clarify animal behaviour; he also
pointed to an alternativ e use of this kind of game theory in the analysis of socio-cultural
evolution|pro vided that the social scientist are able to clarify the underlying evolutionary
mechanisms (seee.g. Maynard Smith, 1982, 172 f.). The third book is The Evolution of
Cooperation by the political scientist Axelrod (1984), who works together with computer
scientists, game theorists and evolutionary biologists. His book is from the �rst chapter
unthinkable without simulation experiments of the evolution in simple games|basically
di�eren t variants of the iterated Prisoner's Dilemma.

Although only one of these three books is produced by economists, they all had an
impact on the development of evolutionary economics. However, twenty years after the
publication of thesepioneering contributions it is fair to say that the great expectations of
someobservers have only becomesubstantiated slowly and partially . There are, of course,
many reasonsfor this, but two related reasonsseemto have special importance. First, it is
obvious that there are signi�cant barriers to entry for students and researcherswho want to
explore and extend evolutionary models by simulation; you simply have to master a great
many skills to be able to combine evolutionary theorising and simulation in a fruitful way.
Second,there is a lack of cumulativ enessof the e�orts of developing evolutionary analysis
with the help of computer simulation; instead many entrants to the �eld seemto build
their e�orts from scratch. So for a long time computer-supported evolutionary analysis in
economicsand other social scienceshas beenfragmented and below the critical massfor a
real take o�.

Recently things havestarted to changeand there is now much moree�ort in the computer-
supported study of economicand socio-cultural evolution than ten or even �v e years ago.
The reasonis not least an in
o w of many new researchers like the onesthat are connected
to self-organisation and complexity studies in the style of the Santa Fe Institute. There
is, however, a need for the incumbents of economicsto rethink how these new tools of
evolutionary thought can most e�ectiv ely be used and developed. The Lsd system is the
o�-spring of such an endeavour.

To be more speci�c, someof the major contributors to evolutionary economics(including
Dosi, Nelson,Winter and Silverberg) worked in the mid 1990sat a programme to promote
evolutionary economicsat the International Institute for Applied SystemsAnalysis in Aus-
tria. Here the project to develop the Lsd systemwasborn. The background was|as already
suggested|that much of the e�ort in evolutionary simulation had beenquite scatteredand
characterised by a low degreeof cumulativ eness. It was also observed that the quality of
simulation work was very mixed due to the lack of peer review and broad attention to the
topic. Finally, it becamepatently clear that there wasquite substantial barriers to entry for

16 According to Elster (1983, 112), Robbins characterised Schumpeter's (1942) writing as\supremely intelli-
gent after-dinner talk" .
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new researchers in simulation-oriented work. For thesereasonsthe Lsd project wasstarted.
The responsible for the project was Marco Valente, who over the past yearshas gradually
developed a solution|after discussionswith the above mentioned programme participants
as well as Andersenand several others.

The present state of the solution to the problems of evolutionary simulation has already
beensketched out above. So it is time to enter the Laboratory for simulation development.
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